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Abstract

It is an open question whether the search and decision versions of promise CSPs are equi-
valent. Most known algorithms for PCSPs solve only their decision variant, and it is unknown
whether they can be adapted to solve search as well. The main approaches, called BLP, AIP and
BLP + AIP, handle a PCSP by finding a solution to a relaxation of some integer program. We
prove that rounding those solutions to a proper search certificate can be as hard as any problem
in the class TENP. In other words, these algorithms are ineffective for search. Building on the
algebraic approach to PCSPs, we find sufficient conditions that imply ineffectiveness for search.
Our tools are tailored to algorithms that are characterized by minions in a suitable way, and
can also be used to prove undecidability results for meta-problems. This way, we show that the
families of templates solvable via BLP, AIP, and BLP + AIP are undecidable.

Using the same techniques we also analyze several algebraic conditions that are known
to guarantee the tractability of finite-template CSPs. We prove that several meta-problems
related to cyclic polymorphims and WNUs are undecidable for PCSPs. In particular, there is
no algorithm deciding whether a finite PCSP template (1) admits cyclic a polymorphism, (2)
admits a WNU.
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1 Introduction

The Dichotomy Theorem [25,65] and, more generally, the algebraic approach to constraint satisfac-
tion [15,49] show that finite-template constraint satisfaction problems (CSPs) form a particularly
well-behaved class of NP problems. This class includes a wide range of natural problems relev-
ant across many domains, such as variants of the Boolean satisfiability problem, graph coloring
problems, and systems of equations over finite algebraic structures. Unconditionally, the search
and decision variant of each finite-template CSPs are polynomial-time equivalent. Each problem in
this class is either NP-complete or in P, and there is an explicit procedure that correctly assigns one
of these two cases to each given CSP. This stands in contrast to the well-known fact that there are
NP-intermediate problems if P# NP [52], and there are problems in FNP (the search analogue of
NP) which we believe to be hard but whose decision variants are trivial, captured by the TFNP
class [40]. Therefore, it is natural to ask how far (and in which directions) can finite-template CSPs
be generalized while still keeping their nice properties.

Promise CSPs (PCSPs) are qualitative relaxations of CSPs generalizing the task of coloring a
c-colorable graph using d colors for fixed integers d > c, called the approximate graph coloring (AGC)
problem. A PCSP is given by a pair of relational structures (A, B), the template, where the first
maps homomorphically into the second, denoted A — B. In the decision variant of PCSP(A, B)
the task is to distinguish input structures I satisfying I — A from those satisfying I /4 B. In
the search variant, the goal is to find an explicit homomorphism from I to B given the promise
that I — A. The algebraic approach, instrumental in much of the CSP theory and both proofs of
the Dichotomy Theorem, has recently been extended to the PCSP framework [11]. Roughly, this
approach studies the complexity of PCSP(A, B) by analyzing the algebraic properties of the set
Pol(A, B) of homomorphisms f : A" — B from some direct power of A to B, called polymorphisms.
This extension has motivated a surge of activity in the area that has yielded partial complexity
classifications [10, 18,19, 36, 54, 58, 59], efficient algorithms [11,21,27,30], and hardness conditions
[7,14,22,51]. However, many basic questions remain unanswered. For example, the complexity
classifications of Boolean and graph PCSPs (including the complexity of AGC) are still open, despite
relevant progress in those directions [37,51]. Crucially, the relationship between search and decision
PCSPs is not well understood, and it is unknown whether there is always an efficient way of solving
a finite-template search PCSP whose decision variant is tractable.

In this work we analyze several PCSP algorithms, as well as some algebraic conditions that guar-
antee tractability in the CSP setting. It is known that, unless P=NDP, there are tractable finite-template
PCSPs which cannot be reduced via gadgets to a tractable finite-template CSP, as exemplified by
“1-in-3-SAT vs not-all-equal-SAT” [2,9,57,61]. Therefore, there is a need to develop algorithms
that go beyond the finite CSP case. Solving the decision variant of PCSP(A, B) involves solving a
tractable relaxation of CSP(A) which should be a restriction of CSP(B). The main relaxations used
for this purpose are direct relaxations of the basic integer programming formulation of CSP(A)
[11,20, 21], the local consistency algorithm [4, 12], and algorithmic hierarchies built on top of
these two previous approaches [27,28,30]. Virtually all these algorithms present two inherent
limitations. The first is that they only solve the decision version of PCSP(A, B): when an instance I
is accepted by the relaxation, we do not directly obtain a homomorphism I — B. To obtain such a
homomorphism we must round the solution to the relaxation, and there is no obvious efficient way
of doing so except for in a few known cases [17,18]. The second limitation of these algorithms is



that, despite some of them admitting nice algebraic characterizations, we do not know of a way to
recognize the problems PCSP(A, B) that they solve. This is known as the meta-problem related to
these algorithms.

In our analysis of algorithms we focus on the affine integer programming (AIP) and the basic linear
programming (BLP) relaxations for PCSPs, as well as on the BLP + AIP relaxation, which combines
the power of the previous two. We present results of three kinds: hardness, undecidability, and
non-computability. We show that rounding the output of these algorithms to search certificates
can be as hard as any problem in the total FNP (TFNP) class, and that all these algorithms have
undecidable meta-problems.

Theorem 1.1 (Main algorithmic result, informal). Let Q € {AIP, BLP, BLP + AIP}, and let S Q be the
family of finite templates (A, B) such that Q solves PCSP(A, B). Then, given any problem A in the TFNP
class, there is a finite template (A, Bp) € S such that A is many-one reducible in polynomial time to the
problem of finding a homomorphism I — B for an input structure I accepted by Q. Furthermore, S€ is
undecidable.

This is the first hardness-of-rounding result in the PCSPs literature. If TENP contains some
problem that has no polynomial-time solution (which is widely conjectured [45, 55]), then this
gives a negative answer to the question of whether the output of these algorithms can always be
rounded to a search solution efficiently, posed in [50] 1. Furthermore, for AIP and BLP we show
that there are finite-template PCSPs solved by those algorithms where no computable function is
a valid rounding rule. This remains true even for left-Boolean templates (A, B) (i.e., those where
A’s domain contains only two elements). This means that directly rounding the output of these
algorithms through consistent families of well-behaved polymorphisms such as the ones defined in
[17] is not always possible. However, changing the domain of our relaxations to other efficiently
computable rings, as proposed in [17], could be a way to bypass the issues presented in this paper.
This is expanded upon in the discussion section (Section 10). We also point out that while our
results include small bounds on A’s domain size, the domain of the right structure B can grow
quite large. Hence, our results do not rule out the possibility that BLP, AIP, and BLP + AIP could
always be directly adapted for search in the Boolean setting.

Our techniques leverage the characterizations of the algorithms AIP, BLP, and BLP + AIP by
means of objects called minions (or minor-closed classes [62]) that lie at the heart of the algebraic
method. On a high level, our results follow from reducing tiling problems (e.g., [43]) to promise
minor condition (PMC) problems [11]. We remark that, although the connection between the TFNP
class and tiling problems is not difficult to prove, to our knowledge it has not been previously
used to obtain hardness results within TENP. To achieve our reductions we develop a new way of
encoding PCSPs in PMC problems by means of a sheaf-like [23] construction on minions where
elements represent partial homomorphisms, and minoring operations ensure consistency between
the corresponding local homomorphisms.

We also study some well-known algebraic conditions following the same approach as in our
permutation of its arguments, and weak near-unanimity (WNU) if the value of f(x,...,x,y,x,...,x)
is independent of the position of the lone y. The existence of a WNU and the existence of a cyclic

1A previous version of this work also claimed the results presented here yielded negative answers to the questions in
[17,21], without further clarification. This was incorrect and misleading.



polymorphism are equivalent conditions that characterize the tractability of finite-template CSPs
if P# NP [25,65]. There is a rich network of equivalences between algebraic conditions in this
setting (e.g., [15, Theorems 41 and 47]) which were established using tools from universal algebra.
These equivalences are a powerful aid in proving the decidability of various meta-questions. For
instance, it is known that a finite structure A admits a cyclic polymorphism if and only if it admits
a cyclic polymorphism of every prime arity larger than the domain size of A [13], and hence one
can easily decide the existence of a WNU or a cyclic polymorphism. Another important algebraic
condition is the presence of WNUs of all arities k > 3, which characterizes bounded width CSPs in
the finite-template setting [12,48]. This condition is equivalent to the presence of WNUSs of arities
3 and 4 satisfying a particular relation [48] and is, hence, decidable. The complexity of these and
other meta-questions has been examined in [26].

For PCSPs the picture is significantly less structured. We know that, unless P# NP, no finite
family of polymorphisms can guarantee tractability [11]. Hence, all algebraic tractability conditions
must involve an infinite family of polymorphisms. Even then, admitting WNUs of all arities k > 3
is no longer a sufficient condition for bounded width (but remains a necessary one) [4], and does
not even guarantee tractability [29]. Since many of the tools from universal algebra no longer apply
to the PCSP setting, few non-trivial implications between algebraic conditions have been shown
(with some exceptions, e.g. [21, Theorem 4]). In particular, the decidability of most meta-questions
related to natural algebraic conditions remains open for PCSPs. Our main algebraic result is the
following.

Theorem 1.2. The following problems are undecidable. Given an input finite template (A, B) with |A| < 3,
determine whether Pol(A, B) contains:

(1) cyclic polymorphisms

(i) for every prime arity p,
(ii) for at least one arity k,
(iii) for all but finitely many prime arities p,

(iv) for infinitely many prime arities p.
(2) weak near-unanimity polymorphisms (WNUSs)

(i) for every arity k > 3,
(ii) for at least one arity k > 3,
(iii) for all but finitely many arities k > 3,

(iv) for infinitely many arities k > 3.

2 Preliminaries

The set of natural numbers IN starts at 1, and [k] is the set {1,2,...,k}. Given sets S, T, the set of
maps f : S — T is denoted by T°. A partial function from S to T is denoted as f : S — T. We write
idx for the identity map on a set X. We identify tuples t = (t1,...,t,) € T" with functions in T!"
in the natural way (i.e., £(i) = t;). Disjoint unions are denoted using Li. We write U* for the set of



finite strings over a finite alphabet U, i.e. U* = | |-, U". A partial map f : U* — U* is said to be
computable if there is a Turing machine on an alphabet containing U that computes f(x) for any
input x € U* where f is defined, and runs forever on x € U* where f is undefined. We informally
say that a partial map f : S — T between countable sets S, T is computable if f is computable under
some implicit encoding. That is, we implicitly refer to a finite alphabet U, and to injective maps
a:S— U*and B: T — U*, and mean that the partial map B o f o a~! is computable [31].

Search Problems We refer to [60, Section 10.3] for an introduction to search complexity and the
classes FP, FNP, and TENP. Let % < U* x V* be a binary relation on finite words, and L a special
“reject” symbol outside the alphabets U, V. The search problem Ay, is defined as: given a string
x € U*, find some y € V* satisfying (x,y) € R, or reject x and return L if no such y exists. The class
of total functional NP (TFNP) problems consists of all problems Ag where R is (1) a total relation,
meaning that for all input strings x there is some y satisfying (x,y) € R, (2) polynomially bounded,
meaning that there is some polynomial p(n) such that (x, y) € 9 implies |y| < p(|x|), and (3) R is
recognizable in polynomial time. The class of tally TFNP problems, denoted TFNP;, consists of all
problems Ag € TENP such that R € U* x V* is a relation where U is the unary alphabet {1}.

The class TENP has been studied extensively (e.g., [40,42,45]) and contains several problems
for which no efficient solution is expected such as integer factoring, or the problem of computing a
Nash equilibrium [33]. There is compelling reason to believe that TENP & FP [45] (FP being the
class of search problems solvable in polynomial time), which would imply that P # NP. On the
other hand, there are oracles with respect to which TENP < FP but the polynomial hierarchy is
infinite [24]. To our knowledge, the class TFINP; has not been studied explicitly, but also contains
problems that have no known polynomial-time solution, such as PRIME, where 1" is given as input
and the task is to find a prime number on 7 bits [39].

A (polynomial-time) many-one reduction from Ag, to A, consists of a pair («, ) of polynomial-
time computable functions satisfying that for all x (1) if (a(x), z) € Ry, then (x, B(x, z)) € Ry, and
(2) if (a(x),z) & R, for all z, then (x,y) ¢€ R for all y. Similarly, a generalized many-one reduction
from Ag, to Ag, is a pair of polynomial-time computable functions (a, B) satisfying that whenever
z is a valid answer to a(x) in the problem Ag, (including the case where z = 1), then B(x, z) is a
valid answer to x in the problem R; (including again the case where B(x,z) = 1). Given a class C
of search problems, and a set F of search problems, we say that F is C-hard if for any R € C there
is some R’ € F such that Ay has a many-one reduction to Agy. A problem Ay is called C-hard if
the family {An} is C-hard. The class TENP is conjectured to contain no TENP-hard problems [55],
so our results show TFINP-hardness of families.

We also consider promise search problems, which can be seen as “partial” search problems. The
notions in this section extend to promise problems in the natural way, along the lines of e.g., [35,41].

Promise Constraint Satisfaction A relational signature X is a finite set of symbols where each
R € X has some arity ar(R) € IN. A Z-structure A consists of: a set A called its universe, and a relation
R4 ¢ A¥(®) for each R € X. Given two similar (i.e., with the same signature) structures A, B, a
homomorphism  : A — B is a map from A to B satisfying (h(e(1)),...,h(e(ar(R)))) € RE for each
R € X and each tuple e € RA. We write A — B to denote there is a homomorphism from A to B.
The n-th power of A, denoted A", is a structure similar to A whose universe is A", and where RA"
consists of the tuples (a1, . .., au(r)), satisfying (a1, . .. dar(r) j) € R? for all j € [n].



Templates are pairs of structures (A, B) satisfying A — B. The template is finite if both A, B
are finite. The decision promise constraint satisfaction problem (PCSP) defined by a template (A, B),
denoted PCSP(A, B), is the problem of, given an input finite structure I, to acceptitif I — A, and
to reject it if I 4 B. Similarly, in the search PCSP defined by (A, B), denoted sPCSP(A, B), the
goal is to find a homomorphism F : I — B, if I — A, or to reject I if I /~ B. Observe that this
only makes sense if B is finite or a suitable encoding is fixed. We define the problems CSP(A) and
sCSP(A) as PCSP(A, A) and sPCSP(A, A) respectively.

Efficient Algorithms and Rounding Problems Let A, I be finite YX-structures. The following
system of equations over the integers {0, 1}, denoted IP4(I), is satisfiable if and only if I — A:

Variables: {x,,|vel,ae A} U
{xrAJ’l |R € Z,T’[ € RI, rp € RA}

2aeA Xoa =1,
Equations: }, cpa Xrr, =1, @
D aeRA 1 (i) =a Xrira = Xri(i)ar
foreachve,ReX, r;eRl,ie [ar(R)], w € A.

Solving this system is as difficult as solving CSP(A), but if we allow the variables to take
arbitrary values in Z or in the rational interval [0, 1] then the task can be carried out in polynomial
time. We write AIP4(I) and BLP4(I) for the system IP4(I) when the domain of the variables is Z
or [0,1] < Q respectively.

Given an input structure I for PCSP(A, B), where (A, B) is a finite template, the AIP algorithm
(resp., BLP) [11] solves AIP 4 (I) (resp., BLP4(I)) and accepts I if and only if this system is satisfiable.
The algorithm BLP + AIP [21] combines the power of the previous two, and checks in polynomial
time whether AIP4(I) and BLP4(I) have compatible solutions, and accepts I when this is the case.
Compatibility here means that whenever a variable is assigned to 0 in BLP4(I), it is also assigned
to 0 in AIP4(I). An algorithm Q € {AIP, BLP, BLP + AIP} solves PCSP(A, B) if it always outputs a
correct answer in this problem, meaning that the following two implications hold: (1) if there is
a homomorphism I — A then Q accepts I, and (2) if Q accepts I then there is a homomorphism
I — B. In this situation we define the rounding problem sPCSPg(A, B) as the problem of, given an
instance I accepted by 9, to find a homomorphism from I to B.

Minions A minion ./ consists of a collection of disjoint sets .# (1) indexed by the natural numbers
n € N, and a map ¥ : .#(n) — .#(m) for each pair of numbers n,m € IN and each function
nt e [m]l", satisfying that (1) 7% = id 4 if 7 = idp,, and (2) 7 = m;¥ o t5¥ whenever
7 = 1 0. The elements f € .#(n) are called n-ary, the functions 7 are called minoring
operations, and an element T ( f) is called a minor of f. When .# is clear from the context, we
write f7 instead of 77/ (f). The minion .# is called locally finite if .# (n) is a finite set for all n € IN.
An element p € .# (n) is called cyclic if p = p(1?"=1) (we remind the reader that we represent
maps 7 € [n]/" as tuples). A weak near-unanimity (WNU) element is some p € .# (n) satisfying
that p% = p% for all i,j € [n], where ¢; € [2]["] sends i to 1 and all other o € [n] to 2. Given
a template (A, B), the polymorphism minion Pol(A, B) is a minion whose n-ary elements are the
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homomorphisms f : A" — B, which are called polymorphisms. Given an n-ary polymorphism f,
and a map 7t : [n] — [m], the minor ™ is defined by f"(a) = f(a o i) for every f € A". Finally, a
minion homomorphism F : .# — .4 is a map from elements of .# to elements of .4 that preserves
arities and minoring operations, i.e., satisfying that F(f)™ = F(f') for each suitable f, 7. Similarly,
given h € IN, a partial homomorphism F : .4 LIS up to arity h is a partial map defined on all
elements f € ./ of arity at most h that preserves arities and minoring operations.

We define three minions that characterize the power of the algorithms AIP, BLP, BLP + AIP.
In the minion .#Zp the n-ary elements are the tuples f € Z" satisfying > ,;.,; f(i) = 1. Given
f € Map(n), and 7t € [m]"], minoring is defined by the identity (f7)(i) = 2jer—1(i) f(j) for each
i € [m]. In the minion .#g; p the n-ary elements are the the tuples f € [0,1]" of rational numbers for
which >, f(i) = 1. Minoring is defined as for .#arp, i.e., by the identity (f7)(i) = Xjcr1(;) f(j)-
Finally, in the minion ./ p. arp the n-ary elements are pairs (f, g), where f € .#p1p(n), g € M awr(n),
and f(i) = 0 implies g(i) = 0 for each i € [n]. Minoring in .#p1p arp is defined component wise.
That s, (f,¢)" = (7, ¢"), where f* = /2 (f), and ¢ = 7r#A"(g). The following theorem has
been shown in [11] for the algorithms AIP, BLP and in [21] for BLP + AIP.

Theorem 2.1. Let Q € {AIP, BLP, BLP + AIP}, and let (A, B) be a finite template. Then the algorithm Q
solves PCSP(A, B) if and only if .#o — Pol(A, B).

In (non-)computability results we consider the plain encoding of .#g1p, #Zarp, .#B1.P+ AP, Where
tuples are represented as comma separated lists, delimited with parentheses, integers are repres-
ented with their decimal representations, and rational numbers are represented as irreducible
fractions, written as two numbers separated by a forward slash (i.e., n/m).

Minor Conditions Another useful way of looking at minions is to consider them as multi-sorted
structures [32], where the sort of each element p € .# is its arity ar(p), and -” is a function from
m-ary elements to n-ary elements for each map 7 € [1n]"]. We consider the multi-sorted first-order
(FO) language Lyic of minions. For some background of multi-sorted (or many-sorted) FO logic we
refer to [38], but we require only the very basics. Formulas in Lyc are built using variables, each of
which has an arity (i.e., its sort), Boolean connectives, and function symbols - for each n, m € IN
and each map 7t € [m]"]. Variables represent elements of minions, and each symbol -™ represents
the corresponding minoring operation. We write 3"x rather than Jx to make explicit that x is a
n-ary variable, and 4>(le, e, x,’zk) to express that the free variables x, . . ., x; of the formula ¢ have
arities ny, ..., ny respectively. For example, the formula Px (x = x(2'3'1)) expresses the existence of
a 3-ary cyclic element. The maximum arity of a formula ¢ € Lysc is the largest maximum arity of
any of its sub-terms. A primitive positive formula is one that does not include disjunction, negation,
or universal quantification, and a sentence (or a closed formula) is a formula with no free variables.
Minor conditions are closed pp-formulas in Lyic. We remark that more commonly the notion of
minor condition is introduced using bipartite Label Cover instances (e.g., [11]).

Given a minion .#, a formula ¢(x1, ..., x;) € Lymc, and elements fy, ..., fr € 4 such that f; has
the same arity as x; for all i € [k], we write .#Z = ¢(f1, ..., fr) to express that .# satisfies ¢ when
substituting each x; with the element f;. A pp-definition of a set Q < .# is a pp-formula ®(x) such
that .# = ®(f) if and only if f € Q. Suppose that .# |= ¢ for a minor condition ¢. A satisfying
assignment of ¢ in .# maps each occurrence of the existential quantifier 3x¢(x) in ¢ to an element f
of ./ of the same arity as x in such a way that ¢ is satisfied after substituting Ix¢(x) with ¢(f) in



each sub-formula. When there is no ambiguity, we will simply treat assignments as maps from
variables of ¢ to elements of .#. Given two minions .# — .4 and a number h € IN, in the promise
minor condition problem PMCy,(.#, /") we consider an input minor condition ¢ whose maximum
arity is at most /1, and the task is to accept it if .# = ¢ and reject it if 4"}~ ¢. Additionally, if .4 is
locally finite, we define the search promise minor condition problem sPMCj,(.#,./") as the problem of
either finding a satisfying assignment of ¢ in .4” or to reject ¢ if .# |~ ¢.

3 Main Results

We are ready to state our main results about the algorithms AIP, BLP, and BLP + AIP. These are
summarized in Figure 1. Given Q € {AIP, BLP, BLP + AIP} and k € N, SkQ denotes the family of
finite templates (A, B) with |A| < k such that Q solves PCSP(A, B).

Theorem 3.1 (Main result for AIP). The following hold:
(1) the family of rounding problems sSPCSPajp(A, B) for (A, B) € S{IP is TFNP-hard,
(2) the family sSPCSPap(A, B) for (A, B) € S is TFNP;-hard,
(3) the family S5''* is undecidable, and

(4) there is a template (A, B) € S5 for which there is no computable minion homomorphism from . p
to Pol(A, B).

Theorem 3.2 (Main result for BLP). The following hold:
(1) the family of rounding problems sPCSPg.p(A, B) for (A, B) € SELY is TFNP-hard,
(2) the family sPCSPprp(A, B) for (A, B) € SfLP is TFNP1-hard,
(3) the family SS'¥ is undecidable, and

(4) there is a template (A, B) € SBL for which there is no computable minion homomorphism from .#pyp
to Pol(A, B).

Theorem 3.3 (Main result for BLP + AIP). The following hold:
(1) the family of rounding problems sPCSPg;p, a1p(A, B) for (A, B) € SEXP+AIP is TENP-hard, and
(2) the family SELPTAIP is undecidable.

We also recall here our main result about cyclic polymorphisms and WNUs. We remark that
Pol(A, B) admitting some cyclic polymorphism is equivalent to it admitting one of some prime
arity.

Theorem 1.2. The following problems are undecidable. Given an input finite template (A, B) with |A| < 3,
determine whether Pol(A, B) contains:

(1) cyclic polymorphisms

(i) for every prime arity p,



(ii) for at least one arity k,
(iii) for all but finitely many prime arities p,

(iv) for infinitely many prime arities p.
(2) weak near-unanimity polymorphisms (WNUs)

(i) for every arity k > 3,
(ii) for at least one arity k = 3,
(iii) for all but finitely many arities k > 3,

(iv) for infinitely many arities k > 3.

4 OQOverview of the Proofs

We sketch the proof of the following theorem while outlining the ideas used in our main results.

Theorem 4.1. Let S be the set of finite templates (A, B) with |A| < 3 such that PCSP(A, B) is solved
by AIP. Then (1) the family of problems sPCSPaip(A, B) where (A,B) € S is TENPy-hard, (2) S is
undecidable, and (3) there is a template (A, B) € S for which there is no computable homomorphism
F: %Ajp - POI(A, B)

The proof of this result is a reduction from tiling problems. The signature Xr consists of a unary
symbol O and binary symbols Ej, E;, and I is the Xr-structure whose universe is the upper-right
quadrant N2, and where O' = {(1,1)} marks the origin, and E} = {((m,n), (m +1,n))|(m,n) €
N2}, E} = {((m,n), (m,n + 1)) | (m,n) € IN?} are the horizontal and vertical adjacency relations. We
write Hom (T, -) for the set of finite structures T satisfying I' — T. A Xr-structure T can be seen as a
set of tiles, equipped with horizontal and vertical constraints, and a set of distinguished tiles that
can occupy the initial position. This way, a homomorphism F : I — T represents a tiling of the
upper-right quadrant of the plane that satisfies all the imposed restrictions.

Proposition 4.2. The following hold:
(1) the family of problems sPCSP(I', T) where T € Hom(T', -) is TFNP;-hard,
(2) Hom(T, ) is undecidable, and
(3) there exists T € Hom(T, -) for which there is no computable homomorphism F : T — T.

At a high-level, this is follows from the fact that, given a non-deterministic Turing machine
M, we can construct a finite structure T for which the homomorphisms F : I — T represent
non-halting runs of T'.

In order to prove Theorem 4.1 using this proposition we first represent I inside the minion
A a1p, and then we find a way of encoding finite Xr-structures in finite templates (A, B) in a suitable
way. The first task is the simpler one. We can identify each pair m = (my,my) in IN? with the 3-ary
element f,, = (my,my, 1 —my —my) € Map. Similarly, we can represent each pair (m, m’) € Elr
with the 4-ary element gr,(um) = (m1,m2, 1, —my — my) with the idea that f,, = ggl(znfi),) and

fr = gg(zmlf’rg,) in mind. We call this way of representing a relational structure inside a minion an
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interpretation (Section 6.1) and we denote it by Z. We define U% = {f,, |m € N?}, OT = {f;11)}, and
El = {gr.mm) | (m,m’) € EI} fori = 1,2.

The interpretation 7 is almost pp-definable in .#Zap. Indeed, the element (1,0) € Zap(2)
is the only witness of the pp-formula ¢;(x?) = x = x(I'), so the 4-ary elements of the form
(m1,myp, 1, —my — my) € M 1p are precisely the witnesses of ¢ (y4) = ¢ (y(2,2,1,2)). However, this
does not take into account the restriction that m, m; € IN. Under closer inspection it is not hard
to see that the set of elements (m,n) € .#ap with m > 0 is not pp-definable, so, in fact, the
interpretation Z itself is not pp-definable either 2. However, we get something almost as good:
for any element m € IN? we can construct in polynomial time a pp-definition ¥,,(x%) of f,, in
Map. For m = (1,1), we simply define ¢,,(x3) = gbl(x(l'm)) A 4)1(x(2f1'2)). Given m € IN?, for
m' = (my + 1,my), we define ¢, (x®) as the formula

4 3
Tz (@) n 9ely) nz =y x =y 1219, @

and so on. This way, given a finite substructure G < T, we can construct in polynomial time
a minor condition ¥¢ containing an existentially-quantified variable x,, for each vertex m € G
an existentially-quantified variable y,(,,..v) for each edge (m,m’) € ES, such that the satisfying
assignments of ¥ on .Zap must map each variable to the minion element that encodes the
corresponding vertex or edge. Thatis, X — fin and Y, (mm') — LE,(m,m’)- The minor condition ¥ ¢
can be defined as

3 4
3 Xm 3 YE;(mm") (/\ ¢m(xm)> /\
meG ie[Z],(m,m’)eEiG meG

1,2,3,3 1,2,i,3
< /\ I_IJE (yE,-(m,m/)) NXm = yl(:"l(m,m)’) N Xyt = yé,(m,n?’)) . (3)
i€[2],(

m,m’)eES

This construction is called a pattern (Section 6.4). Having found a nice way to represent I inside
A a1p, the next step is to develop a construction that, given a finite Xr-structure T, builds a suitable
finite template (A, Br). We would like .#Z7 = Pol(Ar, Br) to satisfy the following.

Property 1 (Conditions that enable our reductions).

(I) A — Aritand onlyif T — T.

(I) A homomorphism F : I' — T can be computed given oracle access to a homomorphism
H: Mpap — M.

(III) Given a finite substructure G < T, there is a polynomial-time reduction from the task of
finding a homomorphism F : G — T to the task of finding a satisfying assignment of ¥ in
M.

It is easy enough to see that the conditions (I) and (II) allow us to respectively reduce the
undecidability and non-computability parts of Theorem 4.1 to those of Proposition 4.2. In to bridge

2This could be circumvented by having defined T on the whole integer plane Z? instead of IN?, but we want to
illustrate the point that our reductions are not uniform pp-definitions. This will be useful in the more involved proofs.
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the gap between the TFNP;-hardness statements in those results, we use condition (III) together
with the following additional result, which is a consequence of Theorem 8.5 (Section 8). We note
that this is a standard modification of an analogous result, [11, Theorem 3.12], that has been applied
widely in the PCSP literature.

Proposition 4.3. Suppose that AIP solves PCSP(A, B) for a finite template (A, B). Then sPCSPaip(A, B)
is log-space equivalent to SPMCy (.#ap, Pol(A, B)), where N is at least as large as |A| and |R*| for all
relation symbols R.

We remark that we do not always achieve the conditions from Property 1 in tandem: for
example, sometimes we obtain templates that satisfy both (I) and (III), but not (II), meaning that we
are able to obtain undecidability, and hardness-of-rounding results for a given algorithm, but not a
related non-computability result. This is the case, for example, of BLP + AIP. With our methods,
the condition (I) used to prove undecidability has the weakest requirements, while the conditions
(IT) and (III) used to show non-computability and hardness have non-comparable requirements.

Rather than constructing the template (A, Br) directly, we focus on its polymorphism minion
instead. We start by defining a minion .47 that satisfies Property 1 of Pol(Ar, Br). The n-ary
elements of .47 are pairs (f, x), where f € .#Zxp(n), and x : [3]"] — T is a partial map defined
on the elements 7 € [3]["] such that f7 € U that satisfies the following properties: if f(; 1) = f7,
then x(v) € O, and if g, (um) = f7, then (x(7),x(7)) € E], where v = (1,2,3,3) o 77, and
v = (1,2,i,3) o 7. Intuitively, the element f € .#Z1p covers some part of I (as interpreted by Z),
which consists of the elements f,, € U that can be obtained by minoring f. Similarly, we also
think of f as covering the edges (m, m’) € E} where SE (mm') € EZ is a minor of f. Then, the map
X represents a homomorphism from the substructure Sy < T covered by f to T. Given a map
7t € [m]!"], we define the minor (f, x)™ as the pair (7, x™), where ™ : [3]l"] — T is the partial map
defined by  — x(7 o 7). The rationale behind this construction is that the structure Sy~ covered
by f” is a substructure of S¢, so x”* is defined so that it represents the restriction of x to S¢~. If the
substructures Sy formed a topology over I' (which, we remark, is not the case), then the minion
A1 would encode a sheaf [23] over I whose sections correspond to partial homomorphisms to T.
We keep this topological intuition in mind throughout the proof. We call .47 the manifold minion 3
given by the interpretation 7 and the structure T (Section 6.2).

Proposition 4.4. The minion A7 satisfies Property 1.

Let us sketch the proof of this fact. It is not difficult to show that every element f € .#Za1p is
pp-definable, so the only minion homomorphism F : .Zx;p — .#a1p is the identity. Hence, any
homomorphism F : .#Zap — A1 composed with the left projection must yield the identity over
Aarp- In other words, F must be of the form f — (f, xf). If such homomorphism F exists, then
the charts x y must be compatible with each other, yielding a global homomorphism from I' to T.
Conversely, if there is a homomorphism H : I' — T, one can restrict it to each local structure S¢
to obtain compatible charts xr and define a minion homomorphism F. This proves ./t satisfies
(I). To show (II), suppose that we have oracle access to a homomorphism F : .#Zx;p — A471. Then,
by the previous reasoning, in order to compute a homomorphism H : I — T, given an element

3In previous versions of this work, this was called the exponential minion. We changed the name to appease a
category-theoretically inclined reader who would point out that these minions are not, in fact, exponential objects in the
category of minions.
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m € N? we just need to query F(fu) = (fm, Xs,) and consider the chart xy, . Finally, to see that
(III) holds, consider a finite substructure G — I, and a satisfying assignment x — (fx, xx) of ¥¢ in
1. The map x — f, is a satisfying assignment of ¥ g in .#p, so by construction of ¥ it must
hold that fy = f, when x = x,, foreach m € G, and f, = SE (mm’) When X = VE () for each
i € [2], (m,m’) € EF. Hence, when x ranges over all variables {X }mec U {YE,(mm) Yie[2], (mm")eE,» the
elements fy cover the whole structure G (as induced by the interpretation Z), and the charts xx
must piece together a homomorphism from G to T.

The main issue at this point is that, despite having the desired properties, the minion .47 is
not (isomorphic to) the polymorphism minion of any finite template (A, Br). In fact, it is not
even locally finite. The first step towards constructing (Ar, Br) from the minion .47 is to find a
locally finite quotient .47 of .47 that still satisfies Property 1. More precisely, .#{ will be obtained
by performing the manifold construction on a locally finite quotient of .#Zp by some equivalence
relation ~. Let us spell this out. The equivalence ~ defines a quotient minion .#Zap/ ~ where each
element (f) is the ~-class of an element f in the original minion .Zxp. Similarly, given a subset
S C M, we write (S) for the subset of .#Zx1p/ ~ consisting of the elements (f) for each f € S.
The relation ~ also induces an equivalence on I through the interpretation Z defined as m ~ m’
whenever f,, ~ f,. Finally, we can also speak of the quotient interpretation Z/ ~ over the quotient
minion .#p/ ~, which is given by U2/~ = (U*), 0¥/~ = (O%), and ]EZ.I/~ = (EFyfori = 1,2.
It can be shown that 7/ ~ induces the quotient structure I’/ ~ on the quotient minion .#Zap/ ~.
Then, we define .47 as the manifold minion given by the interpretation 7/ ~ and the structure T,
similarly to 7.

The following conditions ensure that . /7 still satisfies Property 1 and that this property can be
further preserved when transforming .47 into a polymorphism minion in the final step.

Property 2 (Requirements for a good quotient).

(A) The interpretation T is ~-stable. It holds that () € (U?) if and only if f € UZ, (f) € (O?) if and
only if f € OF, and {f) € (Ef) if and only if f € E for alli € [2].

(B) The interpretation L is internal with respect to ~ at arity 4. For each partial homomorphism
F : Map — Map/ ~ defined up to arity 4, it holds that F(U?) < (U?), F(O?) < (O?), and
F(Ef) c (E}) for eachi € [2].

(C) The map G — Y ¢ defined (3) is an internal pattern with respect to ~. Given a finite substructure
G c T, any satisfying assignment of ¥ in .#a1p/ ~ must correspond to a homomorphism
from G into T/ ~*.

Let us briefly go over these conditions. Condition (A) ensures that if there is a homomorphism
F : T — T then there is a minion homomorphism H : .#Za;p — .#”. Indeed, in this case we can
define H as the map f — ((f), xf), where x is obtained by looking at the restriction of F to the
local structure induced by Z on f, and then factoring the local homomorphism through the quotient.
The reason this construction works is that the quotient map I' — I'/ ~ preserves non-relations
(i.e., sends non-edges to non-edges and sends non-origin elements to non-origin elements) so

“We warn the reader that, for the sake of exposition in this introductory section, the statement in (C) is not fully
precise.
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partial homomorphisms on local structures can be factored through the quotient °. Condition (B)
implies that every minion homomorphism H : .#Zxp — A7 corresponds to a homomorphism
F:T — T. Indeed, intuitively, this condition means that every homomorphism .#Zap — #ap/ ~
must induce a homomorphism between the structures I' and I'/ ~ interpreted on those minions.
So, if the homomorphism H maps f € .#Zap to some pair ({g), x) € .47, then it must hold that
the local structure S, given by (g) in .#ap/ ~ is a homomorphic image of the local structure S¢
of f in .#p, meaning that the local homomorphism x : S(;, — T can be lifted to another one
X : 8§ — T. It can be seen that these lifted local homomorphisms form a consistent family, so they
define a global homomorphism from I' to T. Finally, condition (C) requires that any assignment
of ¥ in .#Za1p/ ~ maps, for each m € G, the variable x,, to some element {f,,) in such a way that
the map m — (m’) is a homomorphism from G to I'/ ~. Arguing again that you can factor local
homomorphism through the quotient, this condition allows us to transfer (III) in Property 1 from
the minion A7 to 7.

Another important observation is that (B) would be weaker if we considered non-partial homo-
morphisms instead. Indeed, every homomorphism can be restricted to a partial homomorphism,
but not every partial homomorphism can, in principle, be extended to a fully-defined homomorph-
ism. We consider partial homomorphisms planning for a future step where, in order to obtain a
polymorphism minion, we will have to let go of high-arity terms in a certain way. The choice of
arity 4 corresponds to the fact that the minor conditions ¥ ¢ have maximum arity 4.

In order to construct the relation ~ we select some relevant predicates (related to Z) containing
the information that we would like to preserve in the quotient. These predicates will be sets of
binary elements D1, Dy € .#a1p(2) defined as D1 = {(1,0)}, and Dy = {(m,1 —m)|m € IN}. We
call the set of predicates D = {D;, DN} a description (Section 6.3). Then, we write f ~p g for two
elements f, g € .#a1p of the same arity n whenever for all 7 € [2]"] and all P € D the inclusion
f € P holds if and only if g’" € P as well. We shorten expressions of the form -/ ~p to - /D.
Figure 2 displays the quotient I'/D.

Fact 4.5. The equivalence relation ~p satisfies Property 2.

The fact that ~p meets condition (A) in Property 2 follows easily from the definition of this
relation. Items (B) and (C), hold roughly, because the formula ¢,,(x) given in (2) is a pp-definition
of {fm) in Mnp/D for each m € IN2 ¢, and there are analogous pp-definitions for the elements
(§E,(my,my), Tepresenting each edge. Let us sketch this fact. First, we can see that ¢1(x%) = x = x(LD)
defines the element ((1,0)). Indeed, if .Zx1p/D | ¢1({f)) then f ~p '), However, f(I')) € D; for
all f € #1p(2), so f must belong to Dy as well, meaning that f = (1,0). Following this argument,
we see that 11 1)(x) defines (f(; 1)), and the other values of m € IN? can be handled by induction.

The fact that ¢,,(x) is a pp-definition of (f,,) in .#a1p/D forces any partial homomorphism
H : Mpwp — Mawp/D defined up to arity 4 (which is the maximum arity of ¢,,(x)) to satisfy
H(fm) = {fm) for all m € IN2. Indeed, it holds that .#Za1p = ¢ (fm), and this is witnessed by
elements of arity at most 4, so .#Zap/D = Pim(H(fm), and it must be that H(f,) = (fm). This shows

SMaking this statement formal requires being more careful in our definition of local structures. The direct approach,
which we follow in this proof sketch, of defining the local structure Sy as the substructure of I' induced on the minors
of f does not work. The issue is that the quotient map f — {f) might identify minors of f, which prevents us from
factoring partial homomorphisms through the quotient.

®This is a stronger statement than what we really need. What we will use is the existence of a kind of formulas which
we call “internal references”. These are introduced in Section 6.3.
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that condition (B) holds. Finally, one can also show that (C) holds via a similar argument using the
fact that the minor conditions ¥ ¢ are built-up from the formulas ¢,,(x).

Having obtained a good equivalence relation, we construct the locally finite minion .47 as
outlined previously. To reiterate, we consider the quotient interpretation Z/D on the quotient
minion .#Zap/D and define .47 as the manifold minion given by Z/D and the structure T. The fact
that ~p satisfies Property 2, means that .47 manages to preserve Property 1, which .47 previously
satisfied. However, we are still not done: The minion JV{ is locally finite, but it may not be
isomorphic to a polymorphism minion. The reason is that we do not know whether it is finitizable
in the sense of [18]. We circumvent this issue by proving the following.

Proposition 4.6. There is a finite template (A, B) with |A| = 3 and |RA| < 4 for any relation symbol
R satisfying that (1) there is a partial minion isomorphism F : A4 — Pol(A, B) defined up to arity 4,
and (2) for any minion .4, it holds that .# — Pol(A, B) if and only if there is a partial homomorphism
H : M — N7 defined up to arity 4.

This is a consequence of the more general result Theorem 7.1 (Section 7). The template (A, B) is
constructed as follows. We consider a single relation symbol R of arity 3*. Then A is the most general
structure on 3 elements containing a single relation R of size 4, following a construction given in
[18]. The fact that |A| = 3 in this result has to do with the fact that any two elements f, g € 47 of
the same arity are equal if and only if all their 3-ary minors are equal. Hence, .47 can be seen as a
function minion on a domain of size 3. The structure B is defined as the free-structure [11] of A7
generated by A.

The fact that we do not obtain a full isomorphism in Proposition 4.6 may seem concerning, but
we already accounted for this by considering partial homomorphisms in Property 2. Crucially,
the second item in this proposition, ensures that .#xp — Pol(A, B) exactly when there is a partial
homomorphism H : .#Zxp — A7 defined up to arity 4. Putting together some of the implications
we have shown so far shows that Pol(A, B) satisfies condition (I) in Property 1, and the rest of
the conditions follow similarly. This way, the following holds and finishes the proof sketch of
Theorem 4.1.

Proposition 4.7. Let (A, B) be a template satisfying the statement of Proposition 4.6. Then Pol(A, B)
satisfies Property 1.

4.1 Organization of the Paper

The rest of the paper follows roughly the same structure as the proof sketch in this section. We
begin in Section 5 by introducing the sources of hardness, undecidability and non-computability
that are the starting point of our reductions. In Section 6 we properly introduce the notions
required to prove the main results, including interpretations, manifold minions, descriptions, and
patterns. Each subsection defines some concepts and includes proofs of related auxiliary results. In
Section 7 we describe how to obtain polymorphism minions that are partially isomorphic to a given
locally-finite minion. In Section 8 we show the reductions that allow us to transfer undecidability,
non-computability, and hardness results from tiling problems to rounding problems. In Section 9
we put everything together and prove our main results. Finally Section 10 discusses in greater
depth the link between our results and some open questions in the area, outlining some research
directions.
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Algorithm Q
Q =AIP | O =BLP | O = BLP+AIP

Result

Undecidability of .#g — Pol(A, B) |A| =2 |A| =2 |A| =5

Non-computability of homomorphisms

Al=2 | |A]=2 ——
F:.#o — Pol(A,B) 4] 4]

TFNP;-hardness of sSPCSPy(A, B) |A| =2 |A| =2 |A| =5

TENP-hardness of sSPCSPy(A, B) |A| =4 |A| =5 |A| =5

Figure 1: Main algorithmic results.

Figure 2: The quotientI'/ ~p

5 Sources of Undecidability, Non-Computability and Hardness

Given a family S of similar structures, Hom(S, -) denotes the set of finite structures satisfying S — I
for some S € 5. When S is a singleton family {S}, we write Hom(S, -) rather than Hom({S},-). We
write Homeg (S, -), where eg stands for eventually globally, for the set of finite structures I satisfying
S — I for all but finitely many S € S. Finally, we define Hom;, (S, -), where io stands for infinitely
often, for the set of finite structures I satisfying S — I holds for infinitely many S € S.

When S is a finite family of finite structures, or S is a finite structure, all the sets described above
can easily be recognized in polynomial time. However, when S is an infinite family, or S is an
infinite structure, the previous problems can be undecidable. We deal mostly with these later cases.

Let S and T be two similar structures. We say that S and T are finitely equivalent if I — S and
I — T are equivalent conditions for every finite structure I. A standard argument shows that,
given a finite structure I, the fact that S — I is equivalent to G — I for every finite substructure
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G < S. See [11, Remark 7.13] for a proof of this fact in the countable case, which is the only one we
use. This yields the following result.

Lemma 5.1. Let S, T be other two finitely equivalent X-structures. Let I be a finite Y-structure. Then
S—Iifandonlyif T — L

Proof. We show that § — I implies that T — I. The reverse implication follows analogously. For
any finite substructure G < S it holds that G — S. By the definition of finitely equivalent structures,
it must hold that G — T as well. Given that we have assumed that T — I, composing homomorph-
isms we obtain that G — I. This way, any finite substructure of S maps homomorphically to I,
meaning that S — I as well. O

The proofs of the remaining results in this section can be found in Section A. The techniques are
standard, and essentially follow the idea from [64] that runs of a Turing machine M can be encoded
in tilings of the plane by using consecutive horizontal lines to describe consecutive configurations
of the machine M.

Recall the definition of the grid structure I' from Section 4. We repeat here the main result about
that structure for the sake of completeness.

Proposition 4.2. The following hold:
(1) the family of problems sPCSP(I', T) where T € Hom(T', -) is TENP;-hard,

(2) Hom(T, ) is undecidable, and
(3) there exists T € Hom(T, -) for which there is no computable homomorphism F : T — T.

Items (2) and (3) were shown in [64] and [43] respectively. In (3) we consider the plain encoding
of T, which represents pairs (m7,m;) € N? as comma-separated lists delimited by parentheses,
where the integers are written in decimal notation.

It is worth remarking that the notion of finite equivalence introduced earlier preserves both the
undecidability and the hardness parts in this result. Indeed, if G is finitely equivalent to I' then
Hom(G, -) and Hom(T, ) are the same family, and the problems sPCSP(G, T) and sPCSP(T, T') are
the same whenever G — T for some finite structure T. However, the non-computability part of this
result is not preserved by finite equivalence. To see this, define G as a disjoint union of increasingly
large grids. For instance, for each n € IN, let G, be the substructure of I induced on [n], and let
G = |_|;1°O=1 G,. It is not difficult to see that G is finitely equivalent to I'. Even so, it also holds that
there exists a computable homomorphism F : G — T whenever G — T for a finite structure T. To
see this, observe that when querying the value of a global homomorphism on an element v, an
algorithm just needs to compute a homomorphism from v’s connected component, which is finite,
to T, and store it in memory. This yields a global homomorphism that can be computed on the fly.

In order to obtain TENP-hardness instead of TFNP;-hardness we utilize a three-dimensional
grid with extra constraints corresponding to “doubling” each coordinate. The super-grid T'* has
signature Xr+ = {O, E1, Ey, E3, [E4, [E, [E3}, where the symbol O is unary and all other symbols are
binary. The universe I'" is the set of triples IN>. The relations of I'" are defined as follows. We have
O'" ={(1,1,1)}. The relations EI ", EY - EL " describe unit increments in the first, second, and third
coordinate respectively. Le., EF = {((m,n,0),(m +1,n,0)) | (m,n,0) € N3}, and so on. Similarly,
the relations Elr +, IEE +, Eg " describe doubling increments in the first, second, and third coordinate
respectively. That is, Er = {((m,n,0),(2m,n,0)) | (m,n,0) € N3}, and so on.

16



Proposition 5.2. The following hold:
(1) the family of problems sSPCSP(T'*, T) where T € Hom(T' ", -) is TFNP-hard,
(2) Hom(T*, ) is undecidable, and
(3) there exists T € Hom(I'", ) for which there is no computable homomorphism F : T+ — T.

Again, in the non-computability result we consider the plain encoding of I'". Here we point out
that the undecidability and non-computability parts of this result just follow from Proposition 4.2.
Indeed, given a Yr-structure T it is easy to construct a X+ -structure T* such that T — T if and
only if I'" — T, and where a homomorphism F : I' — T can be computed given oracle access to
a homomorphism H : I'" —» T'. Indeed, T" can be obtained extending T by interpreting each
symbol R € X+ \Zr as the total relation of arity ar(R) over T.

Finally, we need one last source of undecidability results, which will be given by a family
of growing triangular slices of the two-dimensional grid. Given m € NN, the structure V,, has
signature Xy = {O, W, E;, E;}, where O, W are unary symbols and Ej, E; are binary. The universe
V. consists of all pairs (1,0) € NG satisfying n 4+ 0 < m. The relations OVn, Elv " E2V ™ are defined
as in I. Thatis, OV» = {(1,1)}, Elv’” consists of all pairs of the form ((n,0), (n+1,0)) and E2V'”
contains the pairs ((1m,0), (m,0 + 1)). Finally, the relation WV contains all pairs (1, 0) satisfying
n+ o0 = m (i.e., the upper-right boundary of the triangle).

Proposition 5.3. Let (a,)uen be a strictly increasing sequence of natural numbers. Then the following fam-
ilies are undecidable (1) Hom({V,, |n € N}, ), (2) Homeg ({V, | n € N}, -), and (3) Homyo({V,, |1 €
N}, -).

6 Main Definitions

6.1 Interpretations over Minions

We begin by introducing formally the notion of interpretation that we outlined in the proof sketch.
Let .# be a minion. Given a number n € IN, a n-ary predicate over .# is a subset P < .# (n). We
write nn = ar(P). We write 2 for the set of predicates over .# of arbitrary arity. Given a relational
signature X, a X-interpretation I over .# consists of (1) a predicate ute2,(22)a predicate RT e 2#
for each symbol R € ¥, and (3) a map Hg,i : [ar(R?)] ~— [ar(U?)] for each symbol R € ¥ and each
index i € [ar(R)]. Interpretations over minions induce two kinds of structures, global and local,
defined as follows.

¢ The global structure induced by I, denoted S = Sz, is a X-structure with universe S = uz,
where for each symbol R € %, a tuple (f1, ..., fa(r)) € (UF )2"(R) belongs to RS if there is an
element g € R” satisfying that f; = ¢™ for each i € [ar(R)], where 71; = H%’Z-.

e Given an element f € .#, we define the set UZf < [ar(U?)][@"(/)] as the subset of maps 7 for
which f7 e UZ. The local structure induced by T on f's minors, denoted S = Sz, ,1s a X-structure

whose universe is U/, where for each R € ¥. the relation R® consists of all the tuples of the
form (0o 7y,...,00 TyR)) € (U%f)2r(R) wwhere 7 € R%, and 71; = Hﬁi for each i € [ar(R)].
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It is important to remark that the definition of local structure appearing here is not exactly
the same as the one given in the proof sketch. Indeed, the local structure Sz f is not the induced
substructure of S7 on the minors of f. The reason is that it may be that f™ = f™ e U? for some
suitable maps, whereas in the local structure Sz ; the maps 711, 71, represent different elements.

Although this is not relevant in the proofs of our algorithmic results, when we analyse cyclic
and WNU polymorphisms we will deal with minions that correspond to disjoint unions of simpler
minions. For instance, the minion representing the existence of a k-ary WNU polymorphism for
each arity k > 3 is the disjoint union of the minion generated by an abstract 3-ary WNU element,
with the one generated by a 4-ary WNU element, and so on. Hence, we also specialise some of our
auxiliary results to disjoint unions of minions.

Given a subminion .#* C ., the restricted interpretation J = I| 4 is defined by U = U% n ¥/,
R7 = RT ~ ¥ foreach R € ¥, and H]{,i = Hg,i foreach R € ¥, i € [ar(R)].

Observation 1. Let | be a set, and T be a ¥ interpretation over a disjoint union of minions A4 = |_|jE |,
qnd let I; = 1| 4, for each j € ]. Then the following hold: (1) St = | |;;; Sz, and (2) S,y = Sz, ¢ for all
jel fe .

jel

6.2 Manifold Minions

Now we are in position to introduce manifold minions, which is arguably the main construction
that enables our proofs.

Let .# be a minion, 7 be a X interpretation over it, and C be a X-structure. The manifold minion
A = CT is defined as follows. The elements in .4/ (1) are pairs (f, x), where f € .#(n), and
x : UM — C is a homomorphism from Sz,  to C, which we call a local homomorphism. Given a map
71, the minoring operation is given by (f, x)™ = (f™, x”*), where x™ is defined by ¢ — x(vy o 7).
Observe that if ¢ = f7™, then U2€ = {¢ | o r € U?/}, so the homomorphism x7 is well-defined.
The canonical projection pj : CT — C is the partial map defined on pairs (f, x) such that f € UZ,
which maps each such pair to the element x(id), where id = id[,z)] refers to the identity map
over [ar(U?)]. Observe that x(id) is well-defined. Indeed, the fact that f € UZ implies thatid € Sz, £

6.3 Descriptions

In this section we introduce a way to obtain quotient minions that preserve sufficient information
about interpretations. Roughly, the main result here, Lemma 6.3, states that given a Z-interpretation
7 over a minion .#, a X-structure C, and a nice quotient .#/ ~ of .#, then .4 — CcZ/~ if and only
if the global structure S7 maps homomorphically into C.

A description of .# is a set of predicates D < .#. A description D induces an equivalence
relation ~p on ./ as follows. Let f1, f, € M(n) for some n € N. Then f; ~p f, means that f]* € P
if and only if fJ' € P for every P € D and every map 7 : [n] — [ar(P)]. We shorten ~p to D when
writing quotients to keep the notation light (i.e., we write - /D instead of -/ ~p). Given an element
f € M, we write (f) to denote its equivalence class in .# /D, and given a set S < .# we write (S)
for the set of equivalence classes (f) of elements f € S. The quotient .# /D inherits a natural minion
structure from .7 for every n € IN, we define (.#/D)(n) = {# (n)), and for every {f) € .# /D
and every suitable map 77, we define the minoring operation as ((f))™ = (f”). Observe that this
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operation is well defined and does not depend on the chosen representative f. Moreover, if the
description D is finite, then .# /D is locally finite.

Given a description D < 2/, and a Z-interpretation Z, the quotient interpretation J = I/D is
the ¥ interpretation over .# /D defined by U7 = (U?), RT = (R®) for each R € ¥, and H{ ;= H%/i
foreach R € &, i € [ar(R)]. ,

We remark that by considering minion quotients corresponding to descriptions we are not
loosing any generality. Indeed, if there is a surjective homomorphism F : .# — .4 then .4/
is isomorphic to .# /D, where D is the description consisting of all the preimages F~(g). So
descriptions should be understood as a way to efficiently encode equivalence relations over
minions. Indeed, given a description D of .# consisting only of k-ary predicates, the equivalence
relation ~p over .7 could have at most k27! classes of n-ary elements.

Internal Predicates The next step now is to formally introduce what it means for a description D
of a minion .# to preserve the meaningful information about an interpretation Z. More precisely,
what we want is that the interpretation Z is preserved, in some way, by all homomorphisms from
A to the quotient .#/D. The key definition here is that of an internal predicate with respect to a
description. The description D will define a good quotient for 7 if all the predicates that form 7 are
internal with respect to D.

Let .# be a minion and let D < 2/ be a description. A predicate Q € 2/ is called D-stable if
f ~p g together with f € Q imply that g € Q for any f,g € .#(ar(Q)). Given h > ar(Q), we say
that Q is internal at arity h with respect to D if (1) Q is D-stable, and (2) all partial homomorphisms
F:. " .w/D satisfy F(Q) < (Q). Similarly, a Z-interpretation Z over .# is D-stable if all the
predicates UZ, RZ for R € X are D-stable; and Z is internal w.r.t. D at arty h if all the predicates uz,
R for R € ¥ are internal at arity & w.r.t. D. In particular this requires that / is at least as large as
ar(U?) and ar(R?) for each R € X.

An internal reference to Q w.r.t. D is a pp-formula ®(x) € Lyc with one free variable x of arity
ar(Q) satisfying

MID = U) — () e(Q)

forall (f) € .#(ar(Q))/D. Our main tool for showing that a predicate is internal is the following
result.

Lemma 6.1 (Main criterion for internal predicates). Let .# be a minion D < 27 g description, Q € 24
a predicate that is D-stable, and h € IN a number. Suppose that for each f € Q there is an internal reference
¢¢(x) to Q w.r.t. D whose maximum arity is at most h, and such that # = ¢¢(f). Then Q is internal at
arity h w.r.t. D

Proof. Let F: .#4 "« .# /D be a partial homomorphism and f € Q. Observe that .# = Pr(f) is
witnessed by an assignment over elements of arity at most /, so this implies .# /D = ¢¢(F(f)). The
fact that ¢¢ is an internal reference to Q w.r.t. D yields F(f) € (Q). This proves the result. O

A situation in which this last criterion is especially easy to apply is that in which ¢ can be
chosen to be the same for all f € Q. This motivates the following notion. Let .# be a minion,
D < 2 a description and Q € 2/ a predicate. An internal definition of Q with respect to D is an
internal reference ®(x) to Q w.r.t. D that additionally satisfies

feQ — A =P (f)

19



forall f € .#(ar(Q)). If such definition ®(x) exists, its arity is bounded by a number & € IN, and
additionally Q is D-stable, then Q is said to be internally definable at arity h w.r.t. D. Observe that
by Lemma 6.1, this implies that Q is internal at arity & w.r.t. D.

Main Results About Quotient Interpretations The next two lemmas show that, given a minion
M, if T is an internal interpretation with respect to a description D < 2/, then homomorphisms
M — M |D preserve the interpretation, and homomorphisms to power minions .# — ct/P
correspond to homomorphisms from the global induced structure Sz to C.

Lemma 6.2 (Homomorphisms to good quotients preserve local structures). Let .# be a minion, T a
T-interpretation over ., and D < 2% a description. Define J = T/D. The following hold.

(1) Suppose that T is D-stable. Then Sz,5 = Sz (r, forall f € A .

(2) Suppose that T is internal at arity h € IN w.r.t. D, and that F : A I #/Disa partial
homomorphism. Then for any f € .4 whose arity is at most h, the local structure Sz f is contained in

SgF(f)

Proof. (1) This is a direct consequence of the stability condition. For any f € .# and any suitable
map 7 it holds that f™ € U if and only if (f)™ € U7, and f™ € R? if and only if (f)™ € R for each
R € X. This proves the statement.

(2)Let A =Sz5, B= Sy r(f),and ny = ar(U?). First, we show that if a map o € [nu][”] belongs
to A, then it also belongs to B. Indeed, the first condition is equivalent to f* € UZ. Because Z is
internal, it follows that F(f)? e (U%) = UY, which is equivalent to the second condition. Now, let
R e X, and ng = ar(R%). We show that if a tuple o belongs to R4, then ¢ belongs to R? as well. The
first condition means that there is a map v € [ng]["! such that o; = Hﬁi for each i € [ar(R)], and
f7 e RT. Because 7 is internal, it must hold that F(f)? € R, which shows that ¢ also belongs to
RE. O

We gently remind the reader that, given a manifold minion C defined by a X-structure C and
a Z-interpretation 7, we write pj for the canonical projection from C to C, defined in Section 6.2.

Lemma 6.3 (Power minions on good quotients capture homomorphisms from the global structure).
Let .# be a minion, T a L-interpretation over .#, D < 27 a description, and C a L-structure. Define
J = 1/D. Then the following hold.

(1) Suppose that T is D-stable and St — C. Then .# — C7.

(2) Suppose that 1L is internal w.r.t. D at arity h € N, and F : .4 IocTisa partial homomorphism.
Then pj o F|z is a homomorphism from S to C.

Proof. (1) Suppose there is a homomorphism H : S — C. Given an element f € .#, the local
homomorphism xy : Sz, — C is given by 7w+ H(f”) for each 7t € u?f. Observe that if g = f7,
and ¢ € U3, then Xg(0) = xf(0 o 7), so the local homomorphisms we have defined are compatible
with minoring. Now, by item (1) of Lemma 6.2, Sz = Sy f, for each f € .Z, so the map
f = ({f), xr) is a minion homomorphism from .# to c’.

(2) Suppose there is a partial homomorphism F : . '~ C7, givenby f — (p 7, Xf), and p be
the canonical projection from C7 to C. We show that H = pj o F|;z is a homomorphism from Sz
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to C. The map H sends every element f € U7 to x £(id), where id denotes the identity map over

[ar(U7T)]. First, let us see that H is a well-defined map. Observe that the map F’ : .# LN0»,
given by f — pr is a partial minion homomorphism. By item (2) of Lemma 6.2, Sz < S 7, y for
every f € .#(n), n < h. In particular, if f € U, then id belongs to Sg,ps 80 H(f) = xf(id) is
well-defined. Now let R € X and (fy,..., far(r)) € RSz, We prove that (H(f1),.. - H(fa(r))) € RC.
Let 1; = Hﬁi for each i € [ar(R)]. By the definition of Sz, there must be an element fz € R?
such that f; = g" for each i € [ar(R)]. In particular, this means that (7, ..., rrar(R)) e R4, where
A = S7 g, Additionally, given i € [ar(R)], the following chain of identities holds:

Xpa(m) = XFL(id) = xz.(id) = H(f).

Hence, as xf, is a homomorphism from Sz r, to C, the tuple (H(f1),..., H(far(r)) = (X (1),
-+, X fr (Tar(r))) belongs to R€, as we wanted to prove. O]

Finally, we give another version of this last lemma that handles minions .# that can be decom-
posed as disjoint unions of subminions.

Lemma 6.4. Let K be a set, A a disjoint union | |ix A of subminions, I a L-interpretation over .4,
D < 2 a description, and C a T-structure. Define Ty = I| 4, for each k € K, and J = I/D. The
following hold.

(1) Suppose that T is D-stable, and Sz, — C for some k € K. Then .4 — C7.

(2) Suppose that T is internal at arity h w.r.t. D, and F : #) IocTisa partial homomorphism for
some k € K. Then pj o F| z, is a homomorphism from Sz, to C.

Proof. The proof follows from the same arguments as the proof of Lemma 6.3, using Observation 1.
The main insight is that, given a minion .4, partial homomorphisms .# Ny's correspond to
families (Fy)kex of partial homomorphisms Fy : . . ¥ in a one-to-one fashion. If we let
N = M D, the fact that 7 is internal at arity h w.r.t. D, implies that for all Fy : .# MLy it must
hold that F,(U%) < (U*) and F(R*) < (R*) forall R € X. O

6.4 Patterns

The ideas introduced in the previous sections are (almost) enough to prove our main undecidability
and non-computability results. Indeed, consider a X-interpretation Z over a minion .# which is
internal at arity k w.r.t. some description D < 24 and a E-structure T. Then, Lemma 6.3 shows
that there is a homomorphism from the global structure Sz to T if and only if .# — T*/P. Moreover,
it is not difficult to show that it is possible to compute a homomorphism F : Sz — T when given
oracle access to a homomorphism H : .# — T*/P. What is missing in this picture is a way to
reduce, assuming that S; — T, the problem sPCSP(Sz, T) to sPMCy,(.#, T*/P) for some h € IN.
This reduction will be given by what we call a pattern, which is a polynomial-time algorithm that
constructs minor conditions related to input X-structures, in a way similar to the formulas ¥
defined in (3) during our proof sketch. The formal definition is given below.

Let .# a minion, h € N an integer, D < 2/ a description, and Z a D-stable Z-interpretation
over .. A pattern of h-ary internal references to 7 w.r.t. D is a function ¥ computable in polynomial
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time that sends every finite structure I satisfying I — Sz to a minor condition ¥ of arity at most /,
such that . }= ¥, and that can be written as

Jx J xr</\¢v(xv)>/\< A wix) A Sy )

vel  Rex,reR! vel Rex,reR! iefar(R)]

where each v € I the formula ,(x) is an internal reference to UZ w.rt. D, and for each R € ¥ and
each 7 € R!, the formula §,(x) is an internal reference to RZ w.r.t. D. To abbreviate, we will refer to
the tuple (Z, D, ¥, h) as a X-pattern over A .

Lemma 6.5. Let (Z,D, Y, h) be a pattern over a minion .#, and T a finite structure satisfying St — T.
Then there is a many-one reduction from sPCSP(Sz, T) to SPMCy,(.#, TH/P).

Proof. Let 7 = Z/D, and .4 = TY . Observe that by Lemma 6.3, the fact that Z is D-stable implies
that .# — TV, so sSPMCy,(.#,./) is well-defined.

We give a many-one reduction from sPCSP(G, T) to sPMCj,(.#,./"). This reduction consists
of a pair of polynomial-time computable functions («, 8), where (1) « maps structures I satisfying
I — G to minor conditions ¥ of arity at most / that satisfy .# = ¢, and (2) p maps pairs (I, F)
to homomorphisms H : I — T, where I is a structure satisfying I — G and F is an assignment
satisfying «(I) over .#". We simply define the function « as the map I — ¥;. Now consider an
assignment F that satisfies ¥ over ./, and let pj be the canonical projection form .#" to T. Let
Hr : I — T be the map that sends each v € I to pj(F(x,)), which is clearly computable in polynomial
time. We claim that Hr is a homomorphism. This way, we can define B as (I, F) — Hf. Let us show
that Hr is indeed a homomorphism. Recall the structure of the minor condition ¥;. We can write

¥r=-x - /\%(%)) A

vel  ReXreR! (ve[

( N wr(x) /\ x, x,(l)

Rex,reR!

where 1,(x) is an internal reference (w.r.t. D) to U for each v € I, and ¢,(x) is an internal reference
to RZ foreachRe %, r € RL.

We suppose that F maps v — ({(p), xv) for each v € I, and r — ({p;), x+) for each R € X, and
tuple r € R!. First we argue that Hf is a well-defined map. Let v € I. Then .# /D = ¢,({p,)), which
means that (p,) € U7, by the definition of internal reference. Hence Hr(v) = pj(F(x,)) = x»(id) is
well defined. Now we show that Hr is a homomorphism. Let Re Zand r = (vy,..., var(R)) e RL.
We have that .2 /D = ,({p,)), so {p,» € R7. It also holds that F(x,)™ = F(x,,) for each i € [ar(R)],
where 71; = Hg ;- This means that x,(7;) = x,(id) = Hp(v;) for each i € [ar(R)]. Observe that
(111, ..., nar(R)) < RA, where A = S TApr>- Indeed, we have established that (p,) € R7, and it
holds that 7r; = 7; 0id for each i € [ar(R)]. Using that x, is a homomorphism from S ; ., s to T,
we obtain that (x,(711), ..., Xr(Tar(r))) = (He(v1), ..., HF(Var(r)) € RT. This proves that Hr is a
homomorphism. O
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7 From Minions to Templates

In this section, given a locally finite minion .# and a number & € IN, we obtain a finite template
(A, B) satisfying that Pol(A, B) has a partial isomorphism to .# up to arity h and that .4 LIV/AT;
and only if .4~ — Pol(A, B) for any other minion .4". Furthermore, we want to do so while keeping
A small, controlling both the size of its universe A and the size of its relations.

In order to state the main result of this section we need to define one more notion. Let .# be a
minion. The rank of .# is the smallest number r € IN satisfying that, for any n € IN, whenever two
elements fy, fo € .#(n) have the same r-ary minors (i.e., f* = f5 for all 7 € [r]!"]), then f; = fo. We
say that .# has infinite rank if no such r exists. Our goal is to prove the following.

Theorem 7.1. Let .# be a minion whose rank is at most r, and let h > r. Then there is a template (A, B)
where |A| = r and |R?| < h for all relations in A such that

(1) There is a partial minion isomorphism A . Pol(A, B) defined up to arity h.
(2) Given a minion 4", it holds that .#' — Pol(A, B) if and only if .#' "~ 4.
Moreover, if # is locally finite, then B is a finite structure.

Through similar ideas to the ones used to prove this result, we are also able to characterize
abstract minions which are isomorphic to the polymorphism minion of some finite template. This
characterization is not essential to show the main results of this paper, and we defer it to Section B.

In our reductions we apply Theorem 7.1 to manifold minions built using quotient interpretations.
We will need the following bound on the rank of such minions.

Lemma 7.2. Let T be a X-structure, .# a minion, D < 2%, T a -interpretation over .4, and r € IN.
Suppose that

(1) r = ar(Q) forall Q € D, and
(2) r=ar(U?).
Then the rank of T*/P is at most r.

Proof. Let f,g € .# (n) for some n € IN, and suppose that f* ~p ¢” for all 7t € [7] [l We show this
implies f ~p g. By Lemma 7.3 this implies that the rank of .# /D is at most r. Indeed, suppose
that f #p g. Then, without loss of generality we may assume there is some Q € D and some
7 € [ar(Q)]" such that f* € Qbut ¢" ¢ Q. Leta : [ar(Q)] — [r] and B : [r] — [ar(Q)] be such
that B o a = id[,(@))- Such maps exist because ar(Q) < r. By assumption, f*°” = ¢*°". However
T = (f*7)F, and ¢ = (¢*°™)P, a contradiction.

Now define J = Z/D, and .4 = TP, Let ({f), Xf), (&), Xg) € A (n) for some n € IN. Suppose
that

Fooxp)™ = () xg)™ forall me [r]".

Then by the previous arguments (f) = (g), so the local structure S 7 (¢, and S 7 (., are the same.
Now, suppose, for the sake of a contradiction, that there is a map ¢ € uJ < such that X f((T) #
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Xg(0). Let o : [ar(U%)] — [r] and B : [r] — [ar(U7)] be such that Boa = id[,r(uz)) (observe that
ar(U?) = ar(UY)). Then it must hold that

X5 (B) = xf(0) # xg(0) = x5 (B)-
However, a o 0 € [r]l"], yielding a contradiction. This completes the proof. O

Finite rank minions are precisely those which are isomorphic to a function minion. Indeed,
any function minion, as defined in [18], on a domain D must have rank at most |D|. In the other
direction, if .# has rank r, and p € .# is a n-ary element, then it can be seen as a function from
[r]" to . (r) by letting p(rr) = p™ for each 7 € [r]!"] (recall that we identify tuples and maps). The
following is a useful auxiliary fact.

Lemma 7.3. Let .# be a minion, n € N, and f,g € .# (n). Let r < h be natural numbers. Suppose that
7 = g7 for every 1 € [, Then f™ = ¢™ for every 1 e [r]".

Proof. Leta : [r] — [h] and B : [h] — [r] be such that B oa = id[,;. Then for any 7 € [r] ["] it holds
that
fr[ _ fﬁo(zxon) _ gﬁo(zxon) _ grc

7

as we wanted to show. O

Minion Closures Let A and B be finite sets, and consider an arbitrary minion .# whose n-ary
elements are functions of the form f : A" — B where minoring is defined as usual. One of the
insights of [18] is that a minion of this kind is a polymorphism minion of a finite template if and
only if it has bounded finitised arity. In other words, there is a number & € IN such that for any
n € IN and any function f : A" — B it holds that f € .# if all h-ary minors of f belong to .#.
Roughly, this means that every consistent family of h-ary elements in .# occurs as the family of
h-ary minors of a higher arity element. Conversely, in the case where .# is not isomorphic to the
polymorphism minion of a finite template, it must be that some consistent family of h-ary elements
in ./ is not represented by a higher arity element. In a way, this means that .# is missing some
elements. To prove Theorem 7.1, we first define the h-closure of the minion .# which results from
adding to it an element representing each consistent family of h-ary minors. Then, we show how to
construct a finite template (A, B) such that Pol(A, B) is isomorphic to this closure.

An m-ary system of k-ary minors over ./ is amap { : [k]"] — _# (k) satisfying that for any pair of
maps 711, 71, € [k]™ and any map ¢ € [k](¥] for which 711 = o o 71 it holds that {(7r2)” = {(711). If ¢
is an m-ary system, and o € [1]["] is a map, we denote by { the n-ary system corresponding to the
map 77— {(7r 0 7). The h-closure of a minion .# is another minion .# ") whose n-ary elements are
the n-ary systems of i-ary minors over .#, and where minoring is given by the operation  — (”.

Any element p € .#(n) defines a n-ary system {, € .# () (1) in a natural way. That is, for
any 7 : [n] — [h] we set {,(7r) = p”. This mapping p + , is, in fact, a minion homomorphism
Cly : 4 — 4", which we call the canonical homomorphism from .4 to .4".

Now we prove that the h-closure of a minion .# satisfies both properties we require from
Pol(A, B) in Theorem 7.1.

Proposition 7.4. Let .# be a minion and let h € IN. Then the restriction of the canonical homomorphism
Cly : M — 4" to elements of arity at most h is a partial isomorphism.
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Proof. Let F be the restriction of Cl; to elements of arity at most 1. We define another partial
homomorphism H : .#") .z and show that F and H are inverses. For each k <  we fix maps
0k : [k] — [h] and 7ty : [h] — [k] satisfying 714 0 0} = id[y}. Then, given a k-ary element { € .# ), we
define H(Q) as ((o%))™.

Given n < h and an element f € .# (n), we define F(f) as the n-ary system (¢ of h-ary minors
that maps each function 7t € [1]/"] to f™. The map F defined this way is clearly a h-partial minion
homomorphism. Now let us show that F is injective. Given n < h, it is possible to find maps
7 i [n] — [h] and 0 : [h] — [n] such that 0 o T = id|,,;. Hence f™ = ¢’ implies f = g for all pairs
f,§ € A (n). In particular, this means that {y = {, if and only if f = ¢. Finally, let us prove that
F is surjective. Let n < h and let 77, o be the same maps as before. Consider an arbitrary n-ary
system { of h-ary minors over .#. We claim that { = (¢, where f = {(71)7. To prove this we need to
show that {(7') = f™ for all 7t : [n] — [h]. Observe that 77/ = 7’ o o o 7. Thus, by the definition of
system, {(7') = {(71)™°7. However, {(71)"°" = f™, proving that { = { f- O

Proposition 7.5. Let .# and A be minions, and h € N be a number. Then 4 "~ ¥ if and only if
M — N,

Proof. Suppose there is a minion homomorphism F : .# — # (). Then the restriction of F
to elements of arity at most 4 yields a partial homomorphism from .# to .# ") up to arity h.
By Proposition 7.4, this implies there is a partial homomorphism from .# to .4 up to arity h.
Now suppose there is a partial homomorphism F : .Z M. _¥. We use F to define a minion
homomorphism F' : .# — 4", Letn € N, and let f € .#(n). Then we define F/(f) to be the
system (¢ that sends each map 7 € [h] ["] to F(f™). The system 7 is well-defined: if 711 = oo 72
for some maps 7y, 71, € [H]l, o € [h]], then Cr(m) = F(f7°) = F(f™)" = {f(2)". Finally, the
map F’ is a minion homomorphism. Indeed, if f = ¢’, then (¢ = { g following the definition of
minoring for systems.
O

Finite Templates We introduce two kinds of structures that will be used in our templates. Let
h > r be two natural numbers. Let m = ", and let 7y, . .. 71, be the lexicographical ordering of
[7]). The complete structure K" is the relational structure whose signature consists of a single n-ary
symbol R, whose universe is [r]|, and where RK" is defined as the set of tuples (7t1(i), ..., (i),
where i € [h]. This construction was given without a name in [18, Lemma 6.7]. This is the most
general structure on r elements with relations of size at most #, in the sense that any other such
structure is pp-definable on K”.

The second kind of structures we use are the so-called free structures, introduced in [11]. Let
A be a minion and let A be a X-structure. Let n = |A| and identify A = [n] in some fixed way:.
Similarly, for each R € %, let mp = |IRA|, and identify RA with mpg in a fixed way. The free structure
of # generated by A is a X-structure, denoted F = F_,(A) has universe F = .#(n), and for each
symbol R € ¥ the relation R' is given by the set of tuples (fi, ..., far(ry) for which there is an
element g € .# (m) satisfying g™ = f; for each i € [ar(R)], where 77; : [m] — [n] is the i-th projection
r — r(i) (recall that r € R” is seen as an element of m, and r(i) € A as an element of [1]).

Having defined complete structures and free structures, we are in conditions to prove the main
result of the section.
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Proof of Theorem 7.1. The template witnessing the statement is given by A = K and B = F_4(A).
Observe that if ./ is locally finite, then B is a finite structure. We prove that Pol(A, B) is isomorphic
to the closure .#("). Observe that this proves the theorem: the first item follows then from
Proposition 7.4, and the second from Proposition 7.5.

Let .4 = Pol(A,B), m = 1", and 71y, ..., m,, be the lexicographical ordering of [r]"]. We see
elements p € .4 (1) as maps from [r]["] to .#(r) by identifying [r]" with [r]!"] as usual. Given a
map o € [h]"], the elements (p(7r; 0 @), ..., p(7y, o 0)) must belong to the relation RE. In other
words, there must be some element f € .7 (h) such that f™ = p(7r o ¢) for each 7t € [r]"). Moreover,
as the rank of .# is bounded by r, there can be only one element f with such property. We denote f
as p*(0).

Now we are able to define an isomorphism H : .4 — .#"). Given n € N and a polymorphism
p € A (n), we define H(p) as the system {, that sends each map ¢ € [1]/"] to the element p*(0) €
A (h). Let us show that {;, is a well-defined system. Let ¢ € [h] ", 4 e [h]M, f = p*(0) = Cp(0),
and g = p*(y00) = {,(7o0). We need to show that f? = g. Given 7 € [r]"], using the definition
of p* and the fact that 77 o y € [r]"] we obtain

(fN)"=f" =p((mey)oo) =p(ro(yer)) =g~

As the rank of ./ is at most r, Lemma 7.3 implies f7 = g, as we wanted.

Now let us prove that H is a minion homomorphism. Let p € .4'(11) be a polymorphism, and
let ¢ = p” where € [np]l"1]. We need to show that ¢, = ). Leto e [h] [2], be an arbitrary map,
g ={4(0),and f = {}(0) = {p(0 o). Itis enough to prove that f = g. For each 7t € [r] "] we have
that /™ = p(moo o) = g(rmoo) = g’. Using that the rank of .# is at most 7, this shows that f = &,
completing the proof.

Now let us prove that H is a bijective map. This is enough because the inverse map of a bijective
minion homomorphism is also a minion homomorphism. As r < , there are two maps ¢ € [/1]V"]
and v € [r]!"] such that id[,) = v oo. To see that H is injective, let p,q € .4/ (n) be two different
polymorphisms. Using that the rank of .4 is at most 7, Lemma 7.3 yields some 7 € [r]!"] such that
p(T) # q(7). But p(7) = {p(c0o71)?, and q(7) = {4(coT)?,s0 H(p) = {p # H(q) = 4. Finally, we
show that H is surjective. Let { € .#" (1) be an arbitrary system. We need to prove that there
is some polymorphism p € .#'(n) such that { = ,. Define p : [r]l"] — .#(r) as the function that
maps each T € [r]["] to (0 o 7). We need to show that p is a n-ary polymorphism in .#". For
this it is enough to show that (p(7r; 0 '), ..., p(7tm 0 T')) € RE for each map 7’ € [1]l"). Indeed,
p(tot’) = {(comot')? forall 7t € [r]"]. However, by the definition of system, this last element
equals {(7/)7°(0°7) = 7(7')™, where the last equality uses the fact that y oo = id[,). The fact that
p(rtot’) = {(T)™ for all 7 € [r]!"] implies that (p(7r; 0 T'), ..., p(7tm 0 T')) € RE. To see that { = -~
observe that p* (') must equal {(7’) for all 7/ € []!"]. O

Rather than referencing this result, it will be more convenient to use the following more concrete
corollary, which simply follows from the fact that the template constructed in the last proof is
precisely (K", F_,(K"")).

Corollary 7.6. Let .# be a minion whose rank is at most v, and let h > r. Then the template (A, B) =
(K", F_,(KI") satisfies the following.

(1) There is a partial minion isomorphism A . Pol(A, B) defined up to arity h.
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(2) Given a minion ./, it holds that .#' — Pol(A, B) if and only if . #' "~ 4.

Moreover, if # is locally finite, then B is a finite structure.

8 Main Reductions

In this section we show the reductions that enable our main results. Most proofs are short, as
they are just a matter of putting together the pieces we have constructed up until now. As in the
overview given in Section 4, the general strategy can be described as follows. We start with an
interpretation Z over a minion .# which is internal at some arity # w.r.t. a description D. Then
we are able to reduce problems related to the global structure Sz to problems related to .# by
considering manifold minions of the form TZ/P for finite structures T similar to Sz, and then
obtaining finite templates from these manifold minions applying Corollary 7.6.

Reductions for Undecidability

Theorem 8.1. Let G be a X-structure, let .# be a minion, let D < 2# bea finite description, and let T be a
Z-interpretation over A . Let h,r € IN with h = r. Suppose that

(1) Hom(G, -) is undecidable,
(2) 1 is internal at arity h w.r.t. D,
(3) Sz is finitely equivalent to G, and
(4) r = ar(Q) for every Q € D and r = ar(U?).
Then the family of finite templates of the form (K", B) satisfying .4/ — Pol(A, B) is undecidable.

Proof of Theorem 8.1. We show that, given a finite X-structure C, there is an algorithm that computes
a finite template of the form (K", B) such that .# — Pol(K”, B) if and only if G — C. Let .4 be the
manifold minion C*/P. We define B = F (K"). Let us reassure the reader that B is constructible
from C, even though this may not be immediately obvious. This follows from observing that B can
be constructed when given access to the restriction of .# /D to elements of arity at most & and to
the interpretation Z/D, and these are finite objects that are independent from the input C, so they
can be precomputed.

Let us see that .# — Pol(K", B) if and only if G — C. This is a consequence of the following
chain of double implications:

G C Lemma 6.3
—

h Corollary 7.6
M LN —

M — Pol(K", B).

Let us spell the arguments out. As Sz is finitely equivalent to G, G — C holds if and only if
Sz — C. By Lemma 6.3, there is a homomorphism from Sz to C if and only if there is a partial
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homomorphism F : .# hoctP = By Lemma 7.2, the rank of ./ is at most r, so we can
apply Corollary 7.6 to the minion .4 and the template (K”, B) = (K", F_,(K!")). In particular,
A Py ifand only if .#Z — Pol(K", B). This completes the proof. O

We also give an analogue of last result tailored for minions that can be expressed as disjoint
unions of subminions. In this case, the global structure induced by an interpretation is a disjoint
union of the global structures induced on each of the disjoint subminions (Observation 1), and we
can apply the strategy from last proof to each of the parts.

Theorem 8.2. Let G be a family of Z-structures. Let M4 = | |goq #c be a minion, let D < 27 be a finite
description, and let T be a X-interpretation over /. Let h,r € IN with h > r. Suppose that

(1) T is internal at arity h w.r.t. D,
(2) Sz is finitely equivalent to G for each G € G, where Ig = I| 4, and
(3) r = ar(Q) for every Q € D and Q = U?,

Then there is an algorithm that, given a finite Y-structure C, yields a finite template (K", B) such that
G — T ifand only if .M — Pol(K"', B) for each G € G. In particular, the following hold:

(i) The set Hom(G, -) is Turing-reducible to the family of finite templates (K", B) satisfying .#c —
Pol(K", B) for some G € G.

(ii) The set Homeg (G, -) is Turing-reducible to the family of finite templates (K", B) satisfying .#c —
Pol(K", B) for all but finitely many G € G.

(iii) The set Homio(G, -) is Turing-reducible to the family of finite templates (K", B) satisfying Mg —
Pol(K", B) for infinitely many G € G.

Proof of Theorem 8.2. Given a finite X-structure C, define /" = CY/P and B = F 4 (K"). As in the
proof of Theorem 8.1, there is an algorithm that computes the template (K!, B) in response to the
input C. In this case, Lemma 6.4 tells us that .Z¢ I, vifand only if G — C for a given G € G. By
the same arguments as in the proof of Theorem 8.1, this is the case if and only if .Z; — Pol(Kf, B),
as we wanted to show.

Observe that the last three items in the statement of the theorem are a direct consequence of the
facts that G — T if and only if .#g — Pol(K", B) for each G € G, and that (K", B) can be computed
in response to C. ]

Reduction for Non-Computability

Theorem 8.3. Let G be a S-structure, ./ a minion, D < 2 a finite description, T a S-interpretation over
A, and h = r natural numbers. Suppose that

(1) thereis T € Hom(G, -) for which no homomorphism H : G — T is computable,
(2) T is internal at arity h w.r.t. D,

(3) Sz is finitely equivalent to G,
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(4) there is a computable homomorphism F : G — Sz, and
(5) r = ar(Q) for every Q € D and Q = U~.

Then there exists a finite template of the form (K!', B) satisfying that .# — Pol(K!', B), but there is no
computable minion homomorphism H : .# — Pol(K",B).

Proof. Define J = Z/D, and .# = TY. We claim that the finite template satisfying the theorem’s
statement is (K", B), where B = F_y(K"). By Lemma 7.2, we have that .#" has rank at most 7, so .4*
and the template (K”, B) witness Corollary 7.6. Hence G — T implies .# — Pol(K!, B). We show
that there is no computable minion homomorphism from .# to Pol(K", B).

We proceed by contradiction. Suppose there is a computable minion homomorphism H : .# —
Pol(K", B). We give a composition of computable partial maps that yields a homomorphism from
G to T. By Corollary 7.6, there is a partial homomorphism H’ : Pol(K", B) . _¥. Observe that
H' is given by a finite table (i.e, it is defined on a finite set, and its co-domain, consisting of the
elements f € .4/ of arity bounded by 4, is finite). Hence, H' is computable. This way, H' c H
yields a computable partial homomorphism from .# to .#" defined up to arity h. Letpj: 4/ —T
be the canonical projection (recall the definition from Section 6.2). This, again, is a computable
partial map. By Lemma 6.3, the map pj o H' o H restricted to UZ is a homomorphism from Sz to
T (we do not require the restriction to be computable; we just use that pj o H' o H is computable).
By hypothesis, there exists a computable homomorphism F : G — Sz. Then pjo H o Ho F is
a computable homomorphism from G to T, yielding a contradiction. Thus, there cannot be a
computable homomorphism from .# to Pol(K", B), as we wanted to prove. ]

Reduction for Hardness

Let us take another look at the algorithms Q € {AIP, BLP, BLP + AIP}. Unrolling the definitions, it
turns turns out that for a given instance I the following are equivalent: (1) I is accepted by Q, and
(2) I - F 4,(A). This is shown in [11] for BLP and AIP, and further discussed in [21] for the case
of BLP + AIP. From this we obtain the following alternative formulation of rounding problems as
left-infinite PCSPs.

Fact 8.4. Let Q € {AIP,BLP,BLP + AIP}, and (A, B) be a finite template. Suppose that Q solves
PCSP(A, B). Then the problems sPCSPg(A, B) and sPCSP(F 4, (A), B) are the same.

The projection minion & is defined as the minion where &?(n) = [n] and where f = 7t(f) for
each f € #(n) and each 7 € [m]["]. If P# NP, the minion & is homomorphically equivalent to
Pol(A) = Pol(A, A) for each finite structure A for which CSP(A) is NP-hard. It is also not difficult
to show that &2 — . for every non-empty minion ./ .

One of the cornerstones of the algebraic approach to PCSPs is the result [11, Theorem 3.12]
that, for a finite template (A, B) and & at least as large as |A| and each relation of A, the problems
sPCSP(A, B) and sPMCy, (<, Pol(A, B)) are log-space equivalent, and similarly for their decision
variants. The same proof actually shows the following more general result ”.

"To see that this indeed generalizes [11, Theorem 3.12], choose . to be the projection minion &2, and use the fact that
F 5 (A) is isomorphic to A.
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Theorem 8.5. Let .# be a minion, N € IN a number, and (A, B) a finite template satisfying that .# —
Pol(A, B). Then there is a log-space reduction from sPMCy (.4 ,Pol(A, B)) to sPCSP(F_,(A), B). Further
suppose that N is at least as large as | A| and |R?| for any relation R in the signature of A. Then there is a
log-space reduction from sPCSP(F_,(A), B) to sSPMCy(.#,Pol(A, B)).

Proof. The reductions are essentially the ones given in the proof of [11, Theorem 3.12]. We sketch
them below. For the rest of the proof we identify A with [|A|], and R? with [|R4|] for each
relation symbol R in some fixed way. Given a relation symbol R and an index i € [ar(R)] we write
Ilg;: RA — A for the map a — a;.

Reducing from sPMC to sPCSP. Let @ be a minor condition of arity at most N. Without loss of
generality, we may assume that ® is of the form 3xy,..., x¢¢(x1, ..., xx), where ¢ is a conjunction
of formulas of the form x; = x]-”. For each i € [k] we let n; be the arity of x;. The first part of the
reduction is the construction of an structure I¢ satisfying Io — F 4(A) if .# = ®. First, define
the set S = {x;(m)|i € [k], T € Al"]}. Now, we identify two elements x;(7r) and xj(0) if there is
an identity in ¢ of the form x; = x;f, where 0 = 71 0 y. We define the universe Ip as the result
of performing all these identifications in S, and write {(x;(7r)) to denote the equivalence class of
x;(77) in Ip. Given a relation symbol R of arity m, we define R as the set of tuples of the form
((xi(m1)), . .., {xi(7tm))) for which there is a map ¢ € [R4]!" satisfying Igjoo = m; for each
j € [m]. The structure I¢ can be built in log-space. Now, if x; — p; is a satisfying assignment of
® in .#, then the map (x;(7r)) — p7 is a well-defined homomorphism from Ig to F ,(A). Now,
let F : Is — B be a homomorphism. The second part of the reduction computes an assignment
of @ over Pol(A, B) from F. For each i € [k] we define f; : A" — B as the map a — F({x;j(a)),
where we recall that a can be seen as a map from [7;] to A. It is routine to verify that f; is indeed a
homomorphism and that the map x; — f; is a satisfying assignment of ® in Pol(A, B) that can be
obtained in log-space.

Reducing from sPCSP to sSPMC. Let I be an instance of sSPCSP(F_,(A), B). The first map of our
reduction constructs in log-space a minor condition @y of arity at most N that satisfies .#Z = ®;
if - F 4(A). Let X be the relational signature of all structures under consideration. Then the
condition @ is defined as

4] IR -

Ri
Jx 4 w A ="
vel  RexreR! ReX,reRl ie[ar(R)]

The arity of this minor condition is the maximum of |A| and |R4| for all R € %, so it is bounded
by N by assumption. Now suppose that F : I — F_,(A) is a homomorphism. Given R € £, and
r € R we write F(r) for the element p € M (R?) witnessing that (F(r(1)),...,F(r(ar(R))) € RF.«(4),
Then the map x, — F(v) together with y, — F(r) is a satisfying assignment of ®; in .. Now,
let H be a satisfying assignment of ®; in Pol(A, B). The second map of the reduction needs to
construct a homomorphism F : I — B in log-space using H. Given v € I, we define F(v) as
H(x,)(a), where a € Al is our fixed enumeration of A. Now it is routine to check that F is indeed
a homomorphism. O

By this point showing our main hardness reduction is just a matter of composing the reductions
we have shown up until now.
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Theorem 8.6. Let G be a X-structure, .# a minion, (Z,D,Y,h) a pattern over .4 and r < h a natural
number. Suppose that

(1) Sz is finitely equivalent to G, and
(2) r = ar(Q) for every Q € D and Q = U?”.

Then for each C € Hom(G, -) there is a finite template (K", B) such that sSPCSP(G, C) is many-one reducible
to sPCSP(F. 4 (K!"), B).

Proof. Let C € Hom(G, ). Let .4 = C/P. By Lemma 6.5 there is a many-one reduction from
sPCSP(G, T) to sPMCy,(.#,./"). By Lemma 7.2 the rank of .4 is at most r, so the minion .#” and
the template (K!', B) = (K", F_(K!")) satisfy Corollary 7.6. Hence, there is a partial isomorphism F :
Pol(Kf, B) . _¥.This yields a many-one reduction from sPMCj,(.#, 4") to sPMCy, (4, Pol(K?,
B)). Finally, by Theorem 8.5, the problem sPMC),(.#, Pol(Kﬁ‘, B)) has a many-one reduction to
sPCSP(F., (K", B). O

9 Proof of the Main Results

In this section we present the proofs of Theorems 3.1 to 3.3, and Theorem 1.2. Each of these proofs
consists of reducing one of the source problems described in Section 5 to our target problems
through the reductions shown in Section 8. The lengthy lists of requirements for our reductions
indicate that applying them requires some work: even after coming up with a suitable interpretation
7 and a suitable description D, proving that 7 is internal w.r.t. D requires multiple applications of
Lemma 6.1, which means constructing multiple logical formulas, and analysing their satisfying
assignments on the original minion .# and the quotient .# /D.

To make matters worse, this section makes painfully apparent that there is, in principle, no way
of transferring our results between the minions .#Zaip, #Lp, #BLpr+a1r despite their similarities.
This means that we need to write very similar proofs (with small, but significant changes) over and
over. We remark that minion homomorphisms do not yield reductions for any of our results. Indeed,
suppose that .# — .4". Then, in general there is no relation between the decidability of the finite
templates (A, B) such that .#Z — Pol(A, B), and the decidability of those satisfying .4~ — Pol(A, B).
Similarly, in the absence of additional restrictions, it is possible that all homomorphisms F : .4~ —
Pol(A, B) are non-computable, but there is a computable homomorphism H : .# — Pol(A, B), or
vice versa. As for hardness, it is true that sSPCSP(F_,(A), B) has a straight-forward reduction to
sPCSP(F_4 (A), B), so it may seem that the family of rounding problems arising from .# is easier
than the one resulting from .#". However, this is not true in general: There may be templates (A, B)
for which .# — Pol(A, B) but .4 /4 Pol(A, B), implying that there are more rounding problems
for .# than for .4/, and these may be hard.

How to read this section
We try to avoid being meticulous and redundant to the point of exhausting the reader, and being

so careless as to skip relevant details. The bulk of the following subsections is spent proving that
several interpretations are internal with respect to corresponding descriptions. This is done through
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several claims. We believe that after getting acquainted with the typical arguments, the proofs of
many of these claims are routine.

Sections 9.1 to 9.3 are conveniently ordered from less to more difficult, and they all employ
different versions of the arguments in Section 9.1. These subsections are further divided to show
interpretations of I'* and interpretations of I. Our interpretations of I'" are relatively simpler
than the ones of T', because the interpretations in this second group are meant to produce Boolean
templates. Hence, a good overview of the following subsections is the following.

* Interpretations of the super-grid I'" (ordered from simpler to more complex):
Section 9.1.1 (AIP), Section 9.2.1 (BLP), and Section 9.3.1 (BLP+AIP).
¢ Interpretations of the grid I' (ordered from simpler to more complex):
Section 9.1.2 (AIP), and Section 9.2.2 (BLP).

The proofs in Section 9.4 and Section 9.5 handle WNU and cyclic polymorphisms respectively,
and stand on their own. In both these cases we define minions characterizing the presence of those
polymorphisms, and then find ways to interpret useful structures (e.g., grids) on them. However,
these minions lack the arithmetical structure of .#Za1p, #s1p, and .#pLpa1p, SO We need to use
different arguments. There is ample difference between Section 9.4 and Section 9.5, but they handle
minions constructed in a similar way, and some arguments are analogous. They are, again, ordered
from simpler to more complex, so we recommend the reader to tackle Section 9.4 first.

9.1 The AIP Algorithm

We prove Theorem 3.1 in this section. To prove item (1) we give an interpretation of the super-grid
I't over .#1p, shown in Section 9.1.1. Items (2),(3), and (4) are proven similarly, by showing in
Section 9.1.2 a suitable interpretation of the grid I over .Zp.

9.1.1 AIP: Interpreting the Super-Grid
The following interpretation Z induces a global structure S7 that is finitely equivalent to T™.

Interpretation 1. The X -interpretation Z over .#a1p is given by

ut = {(ml,mz, ms, n) € Map(4) |m; > 0foralli = 1,2,3},

of = {(1,1,1, —4)}, and TI5, = id,

Ef = {(ml,mz, m3,1,n) e ///AIP(5)}I and

for eachi e [3],

. {(1,2,3,4,4), when j =1,
Eyj —

(1,2,3,i,4) when j = 2,
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EZZ = {(mlr mp, ms, mi/n) € %AIP(S)}’ and

- {(1,2,3,4,4) forj=1,

= : for eachi e [3].
(1,2,3,i,4) forj =2

Ej —

This way, I'* is easily seen to be isomorphic to S7 via the homomorphism (1, ma, m3) — (my, ma, ms, 1 —
my — my — m3). Now we define a description D < 2nrw g0 that 7 is internal at arity 5w.r.t. D.

Description 1. The description D < 2*#A" consists of the predicates

D. = {(mllmz, m3) € Marp ’ my < mz},

Dy = {(1,0)}.

The interpretation Z and the description D are the simplest in Section 9. The fact that we
are not aiming to obtain Boolean templates means that we have virtually no restrictions on 7
and D, and the minion .Zx1p already has the arithmetical structure required to express unit incre-
ments and multiplication times two. The following claims show that 7 is internal at arity 5 (w.r.t. D):

Claim 1: R” is D-stable for each R € Z;. This follows by a direct application of the defini-
tions.

Claim 2: D; is internal at arity 5. Indeed, the minor condition ¢;(x) = x = x(I') is an in-
ternal definition of D;.

Claim 3: O7 is internal at arity 5. The following is an internal definition of O%:

po(x) = Pr(x172D) A g (xP122)) A ¢y (22212,

Claim 4: E7 is internal at arity 5 for all i € [3]. The following is an internal definition of EZ:

Pr,(x) = g (x*212),

Claim 5: E7 is internal at arity 5 for all i € [3]. The following is an internal definition of EZ:

where o € [3]1°! is the map sending i to 1, 4 to 2, and the other elements to 3, and 7 € [3]°! sends
i to 2, 4 to 1, and the other elements to 3. The key insight is that if f” ~p f* for some element
f € Map(5), then it cannot be that f (i) < f(4) or f(i) > f(4), so it must be that f(i) = f(4).
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Claim 6: Leti € [3]. Suppose that ¢(x) is an internal reference to UZ. Then the following
formula is also an internal reference to U’ :

#(x) =332 (9r,(2) 1 9y ny = 22 = 02308)),

Moreover, if f satisfies ¢ on .#Zap, then g satisfies ¢’ on .#Za1p, where g(i) = f(i) + 1, g(4) =
f(4) —1, and g(j) = f(j) for j # i,4. Let us show that ¢(x) is indeed an internal reference to UZ.
Suppose that .#Zx1p/D | ¢({fx)) with (f), (f.) as existential witnesses for y,z. The formula ¢ is
an internal reference to U7, so f, € UZ. By a similar reasoning we also obtain that f, € EZ. It must
hold that £"***% <}, £, s0 %44 ¢ UT (by Claim 1). Let f, = (my, m2,ms3,1,my). The fact that
f(12344) ¢ UT means that my, m,, m3 > 0. Hence, the fist three elements in f(12%4) must also be
positive, so this tuple belongs to U” as well. Using the fact that fz(l’z’a’iA) ~p fx we conclude that
fx € U?, proving that ¢ is an internal reference to U”.

Finally, suppose that .Zx1p = ¢(f) for some element f, and let ¢ be defined as in the statement.
Then g satisfies ¢’ (x) on .#Zap with f as an existential witness for y and the tuple (f(1), f(2), f(3),1, f(4) —
1) as an existential witness for z.

Claim 7: Leti € [3]. Suppose that ¢(x) is an internal reference to U?. Then the following
formula is also an internal reference to U’ :

¥'(x) = 332 (9,(2) 7 9(y) Ay = 212 £ x = £0230),

Moreover, if f satisfies ¢ on .#Za1p, then g satisfies ¢’ on .#Zap, where g(i) = 2f(i), g(4) =
f(4) — f(i),and g(j) = f(j) for j # i,4. This follows analogously to the previous claim.

Claim 8: U7 is internal at arity 5. We prove this claim using Lemma 6.1. We define an internal
reference ¢, n, 1, (x) to UL inductively for each (11,12, n3) € IN? following the lexicographical order,
satisfying that .#Zarp = Pn, nyn, (11,12, 13,1 — 1y —ny — n3)). We define ¢y 11(x) = ¢po(x). Now let
(n1,n2,n3) € IN3 be different from (1,1,1), i € [3] be the largest index for which n; > 1. We have
two cases. Suppose that n; is odd. Then we let m; = n; — 1, and m; = n; for j € [3], j # i, and define

Prynyns (X) = Y3z (‘Pml,mz,ms (v) A PE,(2) A z(12344) _ YA 7(12314) x).
Otherwise, if n; is even, we let m; = n;/2, and mj=n;forje [3], ] # i, and define

Py o ns (x) =3Jy3z <¢m1/m27m3 (y) A PE, (Z) A 2(1,2,3/4,4) =YyA 2(1/2’3,1'/4) = x)'

Now Claims 6 and 7 prove the statement.

Proof of item (1) in Theorem 3.1. The claims in this section show that 7 is internal w.r.t. D at arity 5.
We also have that St is isomorphic to I'". Hence, the result will follow from applying Theorem 8.6
after defining a 5-ary pattern ¥ of internal references to Z w.r.t. D. Given a structure I satisfying
I >T", wefinda homomorphism v — (1, 11, 0,) from I to I'"in polynomial time. Moreover, we
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can assume that max, log, (11,1,0,) < |I|. Observe that the map v — (11, 11y, 0,,1 — 11, — 1y — 05)
is a homomorphism from I to S7. We define

Y= EI Yo El /\(Pmu,nv,ov(xv)) /\ /\ Pr(xr) /\ XHRZ =

vel  ReXp,reR! (vel ReXr,reR! elar(R)]

Here, the minor conditions ¢, n0(x), and ¢r(x) for R € X1+, are the internal references defined
in the previous claims. To see that ¥j can be computed in polynomial time, observe that the
formula ¢y;,0(xy) can be constructed inductively in time O(log,(mno)), and the maximum of
log, (my, 1y, 0,) is at most |I| for v € I. Now we only need to show that .#Zxrp = Y1 in order to prove
that (Z, D, Y) is a valid pattern. We give existential witnesses for the variables in ¥ to show that
AMpp = Y. For each v € I, we choose

fv = (mv/nvrovrl — My — Ny _Ov)

as the existential witness for x,. By Claim 6, we know that f, satisfies ¢y, n,,0,(x) On .#Za1p. The fact
that the map v — f, is a homomorphism from I to S7 means that for each R € L+,r € R! there is
some f, € R” satisfying that

I1%
fr ™ = fri for each i € ar(R).

The element f, must also satisfy ¢r(x) on .#Zaip, because ¢r(x) is an internal definition of R. Hence,
fr is a valid existential witness for x,. This shows that .Zp = Y1, and completes the proof that
(Z,D,Y,5) is a pattern over .Zarp.

Now Theorem 3.1-(1) follows from Theorem 8.6 together with Proposition 5.2-(1). Observe that
3 > ar(U?) and 3 > ar(P) for all P € D, so it is enough to consider templates of the form (K3, B) in
Theorem 3.1-(1). O

9.1.2 AIP: Interpreting the Grid
The following interpretation Z induces a global structure which is finitely equivalent to T'.

Interpretation 2. The Xr-interpretation Z over .#Zarp is given by

ut = {(2m3”,y) € .#ap(2) | m, n non-negative integers }
oI::{aqm}, and 115, = id,

(1,2,2,2) forj =1, and

EL = m,m,n,0) € Map(4) | m+n=1;, and I
{( )€ Aaurld)| j Buj — {ﬂﬂlﬂﬂmjzz

(1,2,2,2,2) forj =1, and

EZ ={(m,m,m,n,0) € Map(5)|m+n=1,, and II%
{ )< A3 } = {ﬂﬂﬂjlﬂmjzz
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Observe the grid structure I' is isomorphic to Sz via the bijection
(m’ 7’1) s (2711—1311—1, 1— 21’1’!—131’1—1).

Moreover, this map is computable under the plain encoding for I' and .#Zx1p. Next, we define a
description D < 2/A" g0 that 7 is internal w.r.t. D at arity 5.

Description 2. The description D < 2-#A consists of the predicates UZ, O defined in the previous
interpretation.

We have defined the interpretation Z and description D with the goal to obtain templates (A, B)
where A is Boolean after applying Corollary 7.6. By Lemma 7.2, this requires ar(U?) < 2 and
ar(D) < 2 for all predicates D € D. This is the reason behind the more awkward encoding of I
compared to the previous subsection. An added difficulty is that because D cannot contain ternary
predicates, we cannot speak about equality between coordinates in a straight-forward way. In the
previous subsection, D contained the predicate Do = {(m,my, m3) € M ap | m1 < my}, so given an
element f = (n1,n2,n3,1n4) € Map(4) we could tell whether its first two coordinates were equal
by checking whether (f) = (f)*134) in the quotient .#p/D 8. In this section we cannot compare
coordinates in this direct way. But instead, we can still verify that the first two coordinates of f
are equal as long as we have, for example, that 71 + n3 = 1 and n; 4+ n3 = 1. This motivates the
definition of the predicates EZ and EZ in this subsection.

Let us show that 7 is indeed internal at arity 5 (w.r.t. D). This is a consequence of the following
claims.

Claim 1: The predicates uz, o, Elz, and ]32I are all D-stable. This follows directly from the
definitions.

Claim 2: The predicate O” is internal at arity 5. Indeed, the minor condition ¢p(x) = x = x(1'1) is
an internal definition of O7.

Claim 3: The predicates EY and EZ are internal at arity 5. Consider the following internal
definitions for E¥ and E%:

¢E, (x) = ¢O(x(1,2,1,2)) A ¢O(x(2,1,1,2)),

Pk, () = po (xP212) A po (xF1212) A o (x(22112)),

Claim 4: The following implications hold.

1222 e Ut — 0122 ¢ U7 forall f € EY

F02222) e yT — f01122) ¢ 7 forall f € Ef.

We prove the statement for f € E. The case where f € EZ follows analogously. Let (m,n) = f(1:%22),

By the definition of E¥, it must hold that (1122 = (2m,n — m). Now, observe that (m,1) € U*
implies that (2m,m —n) € UZ as well, following the definition of u<.

8We do this when proving Claim 5 in Section 9.1.1.

36



Claim 5: Let ¢(x) be an internal reference to U’ then the following formulas are also internal
references to U’:

¢1(x) = 3y3z (<P(y) APE (z) Ay = 20222 A x = Z(1,1,2,2)>’

and

pa(x) = 332 (p(y) A e, (2) Ay = 202222 7 x = £(11122)),

Indeed, let us argue the statement for ¢;. The case of ¢, follows similarly. Suppose that
Mprp/D = ¢1({fx)) for some f € Q(2), and let {f,) and (f.) be existential witnesses for y and z
respectively. In particular,

A/ D = ¢((fy)), and Aap/D | ¢, ({f2))-

The fact that UZ, and Ef are D-stable and ¢(x), ¢r, (x) are internal references to those predicates

implies that f, € U” and f. € E{. It must also hold that f, ~p fz(1,2,2,2)
2(1’2’2’2) e UZ. By Claim 5 this implies that fz(l’l’z’Z) e U? as well. Using that fz(

finally obtain that f, € UZ, proving that ¢ (x) is an internal reference to UZ.

, S0 we can conclude that
1,1,2,2)
~D fx we

Claim 7: The predicate U” is internal at arity 5. We use Lemma 6.1 to prove the claim. We
define an internal reference ¢, »(x) to UZ inductively for each m, n € IN. Additionally, we keep the
invariant that .#Za1p = ¢ (f), for each m,n € N where f = (2712711 — 2m=13"=1) We define
¢1,1 as the minor condition ¢o. Now, given m > 1, we define

P (3) = 3932 (P12 (0) A 9 (2) 1y = 20222 1 = 20122)),

By the previous Claim, the fact that ¢,,_1,1 is an internal reference to UZ, means that so is
¢m1 as well. Moreover, the fact that (22,1 — 2"~2) satisfies ¢,_11(x) on .#ap, means that
(2m=1,1 — 2m=1) satisfies ¢, 1(x) on .#Za1p by taking (2"72,1 — 2"2) as an existential witness for y
and

(2m—2, 2m—2/ 1— 2m—2/ _2m—2)

as an existential witness for z. Arguing in a similar way, if n > 1, we define
Bun(x) = 332 (1Y) A ¢, (2) Ay = 20222 5 x = Z(11122)),

Again, using the previous claim we obtain that ¢, , is an internal reference to UZ. One can also see
that (21371 1 — 2m~13"~1) gsatisfies ¢Pmn(x) on Aap. This shows the claim.

Proof of items (2), (3), (4) of Theorem 3.1. In this section we have shown that S7 is isomorphic to I’
through a computable homomorphism, and that 7 is internal at arity 5 w.r.t. D. Additionally,
ar(U?) = 2, and ar(Q) = 2 for all Q € D. Then items (3), (4) of Theorem 3.1 follow from
Proposition 4.2 together via Theorem 8.1 and Theorem 8.3.

Finally, to prove Theorem 3.1-(2) we define a 5-ary pattern ¥ of internal references to Z w.r.t. D.
We map each I € Hom(T, -) to a minor condition ¥ defined as follows. First, we find in polynomial
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time a homomorphism v — (m,, n,) from I to I'. Moreover, this can be done in such a way that
maXye] My + 1y < |I| + 1. Then

Y= E| Xy E| Xy (/\cpmv,nv(xv)> /\ /\ Pr(xr) /\ xrnii — %
€lar(R)]

vel  ReXryreR! vel Rexr,reR! i

Here, for each R € X, ¢r(x) is the internal definition of RZ given in the previous claims, and
¢mn(x) is the internal reference to U? defined in Claim 7. To see that ¥ can be constructed in
polynomial time, observe that ¢, , takes O(n + m) time to construct inductively, and we have that
maXqyer Ny + My < |I| + 1. To prove that (Z, D, ¥, 5) is a valid pattern we need to show that ¥ is
satisfiable over .Zarp. Recall that .Zawp = Pmn(fimn), where fu, , = (2m—13n=1 1 —2m=137=1) and
observe that the map v — fy,, », is @ homomorphism from I to S7. Using this fact, .#Zap = ¥ can
be proven following the same reasoning as in the proof of Theorem 3.1-(1), in Section 9.1.1. O

9.2 The BLP Algorithm

We prove Theorem 3.2 in this section. To prove item (1) we give an interpretation of the super-grid
I'" over .#pLp, shown in Section 9.2.1. Items (2),(3), and (4) are proven similarly, by showing in
Section 9.2.2 a suitable interpretation of the grid I over .#g; p.

9.2.1 BLP: Interpreting the Super-Grid
The following interpretation Z induces a global structure which is finitely equivalent to I'".

Interpretation 3. The X+ -interpretation 7 over .#gyp is given by

1
ut = {(ms, ns,o0s,s,t) € #prp(5) ‘s =5 for some j € IN, and m,n,0 € IN},
ot = {(s, s,s,s,t) € ///BLP(S)‘S =27 for somei e IN}, and Hgll =1id,

(1,2,3,4,5,5)if j =1,

forallie [3],
(1,2,3,i,4,5)if j = 2

E; = {(51,52,53, s,5,t) € //BLP(@} and H%w' - {

(1,2,3,4,5,5)if j =1,

for eachi e [3].
(1,2,3,i,4,5)if j =2

Ef = {(s1,52,53,5i,5,1) € Mpp(6)} and IIf, ; = {

Here it is worth pointing out the main difference with respect to the interpretation of I'* over .#Zxp
given in Section 9.1.1. Addition and, by extension, multiplication times two are easy to perform in
the minion .#g; p, but we are missing a natural notion of “unit increment”. To remediate this, we
represent a triple (m,n,0) € IN? in the 3-dimensional grid with elements of the form (ms, ns, 0s, s, t)
in ./p1p, where the fourth coordinate represents the increment that we have chosen in our encoding.
Of course, for a given increment s, the resulting grid in .#p p is finite, but we consider the disjoint
union of these grids when s ranges over all values of the form 2~ for £ € N. The resulting global
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structure is not isomorphic to I'", but it is finitely equivalent to it, as indicated below.

Claim 1: The structure S = Sy induced by 7 is finitely equivalent to I'". Let us describe S. For
each integer i > 2 we define S as the connected component of S; containing the element

Observe that S is the disjoint union | |5, S;. Giveni > 2, we define I'/ as the substructure of
I'" induced on the set of elements (,1,0) € N° with m + n+ 0+ 1 < 2. The structure I} is
isomorphic to S; through the bijection

m n o 1 m+n+o+1
(m,n,0) >\ S qirai g1 == )

Finally, observe that I'* is finitely equivalent to the disjoint union | |;_, I';". Indeed, if I — I'*, for
some finite I, then it must be that I — T';" for some i > 2, and we also have that ;" — I'* for all .
This proves the claim.

Now let us define a description D < 25 5o that 7 is internal at arity 6 w.r.t. D.

Description 3. The description D < 25> consists of the predicate Uz defined in the previous
interpretation, and the predicates

1 1. ..
D, = {(E,l—f)h)O}, and

D< Z{(S1,52,S3) € MpLp |51 < sz}.

The following claims establish that 7 is internal at arity 6 (w.r.t. D).
Claim 2: The predicates UZ, and R” for R € ¥+ are all D-stable. This follows from the definitions.

Claim 3: The predicates E are internal at arity 6. The following is an internal definition of
EL:
r (x) = x333123) — 2(333213),
Claim 4: The predicates E7 are internal at arity 6. The following is an internal definition of EZ:
(PZEi(x) =x"=x",

where ¢ : [6] — [3] maps i to 1, 4 to 2 and the other elements to 3, and 7 : [6] — [3] maps i to 2,4 to
1 and the other elements to 3.

Claim 5: If ¢(x) is an internal reference to D), then the following formula is also an internal
reference to D,:

¢'(x) = FyFz (4)(y) ANz =22V Ay = (12 Ay = 2(1'2'2)).
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Moreover, if (1/2/, —1/2) satisfies ¢(x) (over .#prp), then (1/21+1,1 — 1/21+1) satisfies ¢’(x). Let us
begin with the second part of the statement. To see that (1/2*1,1 — 1/2/*1) satisfies ¢’(x), observe
that (1/2/,1 —1/2%) and (1/2*1,1/2/*1,1 — 1/2%) are valid existential witnesses for y and z.

Now let us show that ¢’ is an internal reference to D;,. Suppose .#pLp/D E ¢'({fr)) and
{fy),{fz) are existential witnesses for y and z. As ¢ is an internal reference to D,, we have f, € D).

Hence, the fact that f, ~p fz(l’l’z) means that fz(l’l’z) € Dy, s0 (1) + f=(2) = 1/2' for some i > 0.

Also, observe that the fact that f, ~p ;2’1’3) implies f.(1) = f.(2). Indeed, otherwise exactly
one of f, or 2(2’3’1) would belong to D.. Hence f,(1) =1 /2i+1 and fz(l’z’z) € D,. Finally, because

fx ~p fz(l’u), we must have f, € D, proving the claim.

Claim 6: The predicate D, is internal at arity 6. We use Lemma 6.1 to prove the claim. We
define an internal reference ¢;(x) to D;, inductively for each i > 0 in such a way that (1 /2,1 —1/2)
satisfies ¢;(x) on .#grp. We define

¢po(x) =x = x(D),

Giveni > 0, we define
¢i(x) = JyPz (gbi,l(y) Az =2C3) ny =712 A — 2(1'2'2)).

Now the previous claim proves that ¢;(x) is an internal reference to D, and (1/2/,1 — 1/2')
satisfies it. This proves the statement.

Claim 7: The predicate O is internal at arity 6. Leti > 2. Then, by last claim, the follow-
ing formula is an internal reference to OZ:

(PO,i(x) = ¢i(x(1,2,2,2,2)) A x(1,2,3,3,3) _ x(2,1,3,3,3)

1,3.233) 2,3,1,33)

= x(
13323) _

A x

2,33,1,3)

A x xt

Additionally, ¢o ;(x) is satisfied on .#g; p by the element

1111 1
22 ot )

Now the claim follows from Lemma 6.1.

Claim 8: Let i € [3]. Suppose ¢(x) is an internal reference to U”. Then the following formula is
also an internal reference to U’:

¢/ (x) = Jy3z <¢(y) ApE(2) Ay = 212345\ x = 2(1,2,3,4,1‘,5))‘

Moreover, if f satisfies ¢(x) (on .#pLp), then the tuple g satisfies ¢'(x), where g is defined

by g(i) = f(i) + f(4), §(5) = f(5) — f(4) and g(j) = f(j), and g(j) = f(j) forj # i,5. We
begin with the second part of the statement. To see that g satisfies ¢’(x), observe that f and

f==(f(1),f(2),f(3),f(4), f(4), f(5) — f(4)) are existential witnesses for y and z.
Now let us show that ¢’ is an internal reference to U%. Suppose .#pp/D E ¢'({f)) with
{fy),{fz) as existential witnesses for y,z. As ¢ is an internal reference to UZ, it must hold that
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123455 12,3455 . .
fy € U%. Moreover, f, ~p 2 ) 50 fz( ) e UZ, meaning that f;(4) = % for some i > 2,

and £;(j) = % for some m; € N for each j € [3]. Now, the fact that f. € Ef means that f.(4) = £-(5).

Hence, we conclude that f,(5) = 1 as well. This implies that fz(1’2’3’4’i’5)

21’
1,2,34,,5 .
D fz( ' ), we obtain f, € UZ, as we wanted.

belongs to UZ. Finally,
using that fy ~

Claim 9: Let i € [3]. Suppose ¢(x) is an internal reference to U”. Then the following formula is
also an internal reference to U’:

¢ (x) = 3y36z (¢(y) Apm(2) Ay = S(123455) , \ _ Z(1,2,3,4,i,5)>

Moreover, if f satisfies ¢(x) (on .#pLp), then the tuple g satisfies ¢'(x), where g is defined by
g(i) = 2f(i), §(5) = f(5) - £(i) and g(j) = f(j), and g(j) = £(j) for j  i,5. This can be shown

analogously to the previous claim.

Claim 10: The predicate U7 is internal at arity 6. We prove the claim using Lemma 6.1, as usual.
We define an internal reference @, mymsm, (X) to U inductively, following the lexicographical
order, for each (my, ma, m3, my) € IN* such that my + m3 +my +1 < 2™, insuch a way that

my, mz my 1 _m2+m3+m4+1
Qmy’ Qmy’ pmy’ 2
satisfies P, ny,ms,m, (X) on Aprp. For each m > 2 we define
Pm1,1,1(x) = Pom(x),

where ¢o ;(x) is the internal reference to O defined in Claim 7. Now suppose that i > 1 is the
maximum index such that m; > 1. We have two cases. Suppose that m; is odd. Then we let
n; = m; —1,n; = mj forall j # i, and define Oy my,ms,my (X) AS

E|yE|6Z <¢ﬁ1,ﬂ2,n3rn4 (y) A PE; (Z) NY = 2(1’2,3,4,5,5) NX = 2(1,2,3/4/1',5)) .
Otherwise, suppose m; is even. Then Then we let n; = m;/2, n; = m; for all j # i, and define
47"11,”12,"13,"14 (x) as

3]/362 (4’n1,nz,n3,n4 W) A PE(2) Ny = Z(123455) A x = 2(1’2'3'4'i'5))-

Now the statement follows from Claims 8 and 9.

Proof of item (1) of Theorem 3.1. We define a 6-ary pattern ¥ of internal references to Z w.r.t. D. Then
the result will frollow from Theorem 8.6. Given I € Hom(T' ", -), we first compute a homomorphism
v — (My, Ny, 0,) from I to Tt in polynomial time in such a way that maxye; log, (myn,0,) < |I|. Let
M = maxyer My + 1y + 0, + 1, and let j = [log, M|. Then F is actually a homomorphism from I to
l";’, where l”]* c I'" is the substructure defined in Claim 1. Then the minor condition ¥ is defined
as

3 Xy 3 Xy (/\ 47j,mv,nv,ov(xv)> /\ (/\ (PO,j(xr) N Xy = xr(l))

vel  ReX,, reR! vel reO!

/\ /\ Pr(xr) /\ X?IR’i = Xy(i)
)

ReX 4 ,R+#0,reR! iear(R
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To see that ¥y can be computed in polynomial time, observe that ¢; ;, 1,0, can be constructed
inductively in time O(j + log, (m,1,0,)), j < 1 + log, 4|I|, and maxyer log, (1m,1,0,) < |I|. In order
to prove that (Z, D, Y, 6) is a valid pattern, we only need to show that .Zp;p = Y. To do this,
observe that the map

s o= @@"ll _mv+nv+ov+1
fU_ 2]/2]/2]/2]/ 2] 7

is a homomorphism from I to the connected component of

< 1111 1 >

7., 7.’ 7.’ 7-, 1 - i A

217217217 21 2j—2

in Sz (recall the isomorphisms from Claim 1). Now .# = ¥ can be proven analogously to

Theorem 3.1-(1) in Section 9.1.1. Observe that 5 > ar(U?) and 5 > ar(P) for all P € D. Hence, we
only need to consider templates of the form (K¢, B) to achieve the TENP-hardness result. O

9.2.2 BLP: Interpreting the Grid
The following interpretation Z induces a global structure that is finitely equivalent to I'.

Interpretation 4. The Xr-interpretation Z over .#gLp is given by

1
uZ — { (2’”3”' ]/) € p1p(2) | m, n non-negative integers},
of = {(1, O)}, and IT§, = id,

(1,1,2,2) fori =1,

EX ={(x,x,v,y) € M p(4)}, and HIZ-:
{( Y,y) € Are( )} E1, {(1/2’2,2)&)“,:2,

(1,1,1,2,2) fori =1,

EL =1{(x,x,x,v,2) e Mppd)|x+y=1/3}, and TIL . =
2 {( Y,z) BLP(4) [ x + Y /} Eyi {(1,2,2/2,2)&“,:2‘

This way, the grid structure I is isomorphic to S via the bijection

1 1
(m’ Tl) = <2m—13n—1’1 B 2m—13n—1> '

Moreover, this map is computable under the plain encoding for I and .#g1p. Next, we define a
description D < 2/ir 5o that 7 is internal w.r.t. D at arity 5.

Description 4. The description D < 251 consists of the binary predicates U and O defined
in the previous interpretation Z, and the new predicates

Dy = {(1/2, 1/2)}, and D3 = {(1/3,2/3)}.
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It is worth to compare the interpretation Z and description D with the ones from Section 9.1.2,
used to encode I' on .#Za1p. Both constructions are completely analogous, with the main difference
that in that subsection we considered positive powers 2"3" and here we consider negative ones
27™M37". Let us show that 7 is indeed internal at arity 5 w.r.t. D. This is a consequence of the
following claims.

Claim 1: The predicates uz, o, Elz, and 152I are all D-stable. This is a routine check.

Claim 2: The predicate O7 is internal at arity 5 (w.r.t. D). Indeed, the minor condition ¢o(x) =
x = (1" is an internal definition of OZ.

Claim 3: The predicates D, ; and D; 3 are internal at arity 5. The following are internal definitions
for Dy, and Dy 3 w.rt. D:

P1p(x) =x = x@h),

Pr3(x) = Py (y =y Ay =y Ly = y(1,z,z)>'

Claim 4: The predicates EZ and EZ are internal at arity 5. Consider the following internal
definitions for EF and E%:

P12 12) A py(x21D), and

P (R02212) o (2PIEID) 1 5 (22122).

¢E, (x)
Pk (x)

Claim 5: The following implications hold.

fa122) eyt — f1222) ¢ Y7 forall f € Ef, and
FO1122) eyt — f(12222) ¢ 7 forall f € E5.
We prove the statement for f € E. The case where f € E¥ follows analogously. Let (m,n) = f(1:%22),

By the definition of EZ, it must hold that f (1122) (2m,n — m). Now, observe that (m,n) € uz
implies that (2m,n —m) e U* as well, following the definition of U?.

Claim 6: Let ¢(x) be an internal reference to U’ then the following formulas are also internal
references to U’:

¢$1(x) = Jy3z (cp(y) AQPE (2) Ay = Z(1122) [\ — 2(1'2'2'2)), and
92(x) = 332 (9() A Pr,(2) Ay = 20122 3 = £0222)),

Indeed, let us argue the statement for ¢;. The case of ¢, follows similarly. Suppose that .Zpp/D |=

$1({fx)) for some f € Q(2), and let (f,) and {f.) be existential witnesses for y and z respectively. In
particular,

AMyip/D = ¢((fy)), and App/D = Pr, ({f2))-
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The fact that UZ, and E are D-stable and ¢(x), ¢r, (x) are internal references to those predicates
implies that f, € UZ and f. € Ef. It must also hold that f, ~ le 122 50 we can conclude that

2(1’1’2’2) e UZ. By Claim 5 this implies that le 222) ¢ U as well. Using that le 222)
finally obtain that f, € uz, proving that ¢ (x) is an internal reference to uz.

~D fx we

Claim 7: The predicate U7 is internal at arity 5. We use Lemma 6.1 to prove the claim. We
define an internal reference ¢, »(x) to U inductively for each m, n € IN. Additionally, we keep the
invariant that .#g1p = ¢mn(f), for each m,n € N where f = (2,,1_112,1_] ,1— ). We define ¢ 1
as the minor condition ¢o. Now, given m > 1, we define as

Pina() = 332 (P 11(1) A 9, (2) ny = 20122) 1 x = 20229,

By the previous Claim, the fact that ¢,,_1 1 is an internal reference to UZ, means that so is ¢Pm,1 as
well. Moreover, the fact that (2,,,%2, 1-— 2”,1—_2) satisfies ¢,—11(x) on .#pLp, means that (2,,}—,1, 1-— 2,,,1—,1)
satisfies ¢, 1(x) on .#pp by taking (2,,1%2, 1-— 2,,1%2) as an existential witness for y and

1 1 1 1 1 1
2m72’ 2m72’ E B 2m72’ E o 2m72

as an existential witness for z. Arguing in a similar way, if n > 1, we define

Pnn(x) = 393z (Pma1 (4) A Ps ()7

(1L1122) , o — Z(1,2,2,2,2))_

m— 13n 1

y=z

Again, using the previous claim we obtain that ¢y, , is an internal reference to UZ. One can also see
that (2,,, i1, 1 — 2,,,,113,1,1) satisfies ¢y, (x) on .#prp. This shows the claim.

Proof of items (2),(3), and (4) of Theorem 3.2. Observe that ar(U?) = 2, and ar(Q) = 2 for all Q € D.
Thus items (3) and (4) of Theorem 3.2 follow from Proposition 4.2 together with Theorem 8.1 and
Theorem 8.3 using the interpretation Z and the description D in this section.

Finally, to prove item (2) of Theorem 3.2 we define a 5-ary pattern ¥ of internal references to
Z w.rt. D. Given I € Hom(T, -) we construct the minor condition ¥ as follows. First, we find in
polynomial time a homomorphism v — (m,, n,) from I to I such that maxyes m, + 1, < |I| + 1.
Then

¥r=dx 9 x (/\Cva,nv(xv))/\ N\ r(x) /\ xr =

vel  ReXp,reR! vel Rexr,reR!

Here, for each R € X, ¢r(x) is the internal definition of RZ given in the previous claims, and
¢mn(x) is the internal reference to UZ defined in Claim 7. To see that ¥ can be computed in
polynomial time, observe that ¢, ,(x) takes O(m + n) time to be constructed inductively, and
maXqyes My + 1y < |I| + 1. The fact that .#pLp = ¥ can be proven similarly to Theorem 3.1-(1) in

Section 9.1.1, using that the map v — (2}11,113”,1 ,1— z,n,f3,l,1 ) is a homomorphism from Z toT. [

9.3 The BLP + AIP Algorithm

We prove Theorem 3.3 in this section. This result follows from a suitable interpretation of the
super-grid T over .#pp, a1p, shown in Section 9.3.1.
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9.3.1 BLP + AIP: Interpreting the Super-Grid

Let # = #31Lp+a1p for the rest of this section. Recall that elements in .# (1) consists of pairs (f, g)
where f € [0,1]" and g € Z". We consider the lexicographical order on pairs (s, m) € [0,1] x Z.
We perform arithmetic on tuples coordinate-wise. We write m : n for n,m € Z to denote that
there exists an integer 0 € Z such that on = m, and m 7 n for the negation of this statement °.
Similarly, given (s, m), (t,n) € [0,1] x Z, we write (s, m) : (t,n) if there is some integer o > 0 such
that o(t,n) = (s, m).

The constructions and arguments in this section are very similar to those in Section 9.2.1, so
we will omit some details. The following interpretation Z induces a global structure that is finitely
equivalent to I'".

Interpretation 5. The X+ -interpretation Z over .#giparp is given by

U? = {(f,9) .4 (5)| F(4) < 1/3,8(4) 2, and (£(i), (1)) } (f(4),3(4)) for eachi e [3] }

OF = {(f,8) € #(5)| f(1) < 1/3, g(1) /2, and (f(i),3(i)) = (f(4),g(4)) foralli € [3]}, and
15, =id.
And, for alli € [3]

1,2,3,4,5,5) forj =1
E7 = {(f,9) c.(6)| (F4),54) = (F5),56))), and Ik, = | 3% ’
F={(f9e.a6)|(f4),3(4) = (£5),865))} £, {(1,2’3,1.,4,5) for 12,
o 1,2,3,4,5,5) forj = 1,

EL = , Q) e A6 4),¢(4)) = (f(i),¢(i))}, and TI% .= (

7 ={(£.9) e #©)|(F4),84) = (£(),8(0) | L. {(1,2/3,1.,4/5) for 12,
As in Section 9.2.1, we follow the idea of interpreting increasingly large grids and keeping track
of the increments in each of these grids. Similarly to before, if we represent a pair (f,g) € U” as
(f,8) =((f(1),8(1)),...,(f(5),g(5))), it holds that the first three coordinates of this vector (which
are two-dimensional vectors themselves) are integer multiples of (f(4), g(4)), which takes the role
of the unit increment. Again, the fact that we consider tuples (f, g) where f(4) can be arbitrarily
small but positive means that the global structure given by Z contains arbitrarily large grids. This
yields the following claim.

Claim 1: The structure S = S7 induced by 7 is finitely equivalent to I'". Given j € IN, we
define 1";“ as the substructure of I'" induced on the elements (11,1, 0) € IN® satisfying m +n + 0 < j.
Consider an element (f,g) € U%. Letj = [ﬁ] Then l";r is isomorphic to the connected component
of (f, ) in S via the bijection (my,my, m3) — (f’, "), where (f'(i), ¢’ (i)) = m;(f(4),g(4)) fori € [3],
(f'(4),4'(4)) = (f(4),g(4)), and (f'(5),4'(5)) is defined so that both the elements in f’ and the
elements in ¢’ add up to 1. We have that I'* is finitely equivalent to the disjoint union | | jeN I"JTL, SO
this proves the result.

Let us define a description D so that 7 is internal at arity 6 w.r.t. D.

9The more standard notation 7 | m would quickly lead to readability issues.
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Description 5. The description D < 2-/sr+AP s given by the predicate UZ defined in the previous
interpretation, and

D = {(f,8) € #(3)| (F(1),81) < (f(2),32))},
Dp = {(f,8) €. #(2) | f(1) <1/3, 8(1) /2}.

Let us show that Z is internal at arity 6 (w.r.t. D). This is a consequence of the following claims.
Claim 2: The predicates UZ, 0%, and EZ, Ef fori € [3] are all D-stable.

Claim 3: The predicate E7 is internal at arity 6 for each i € [3]. This is shown in a similar
way to Claim 3 in Section 9.2.1. The following is an internal definition of EZ:

Pr, (x) = x(333123) _ 1(333213),

Claim 4: The predicate E7 is internal at arity 6 for each i € [3]. This is shown in a similar way to
Claim 4 in Section 9.2.1. The following is an internal definition of E:

¢E,(x) =x7 =7,

where 0 : [6] — [3] sends i to 1, 4 to 2 and the other elements to 3, and 7 : [6] — [3] sendsito 2,4
to 1 and the other elements to 3.

Claim 5: The predicate D, is internal at arity 6. Indeed, the following is an internal defini-
tion of D,:

Pn(x) = Py (y(1’2’3’3’3) = y21333) ; y(13233) _ 23133) \ (33312) _ | (33321) ,\ y _ y(1,2,2,2,2))‘

We need to show both that (f, g) satisfy ¢;»(x) on .# for all (f,g) € Dy, and that ¢, is an internal
reference to Dj,. Let us begin with the first statement. Let (f,g) € Dy. Then let (f,, g,) € .#(5)
be defined by (£, (1), &(i)) — (£(1), g(1)), for alli € [3], and (f,(i),g (1)) = L(1— f(1),1—g(1)) for
i = 4,5. The fact that (f,, g,) € .# follows from the definition of Dj,. Observe that (f, g) satisfies
¢ (x) on .# with (f,, g,) as an existential witness for y.

Now let us show that ¢, is an internal reference to D;,. Suppose that .#/D = ¢»({f,g))
with (fy, ¢, as an existential witness for y. We claim that (f, (i), g,(i)) = (fy(1),8y(1)) fori e [3],
and (£,(4), 8,(4)) = (£,(5),8(5)). Indeed, suppose that (f,(1),g,(1)) = (f,(2), g(2)) Then ex-
actly one of (fy, g,)>*>% or (f,, g,)?**% would belong to D, contradicting (f, g,)>*>% ~p
(fy, gy)?1333). The other identities can be argued similarly. Hence, we have that 3g, (1) + 2g,(4) =
1, where g,(1),8y(4) € Z. This forces g,(1) /2 and g,(4) / 3. In particular g,(1),g,(4) # 0, so
fy(1), f,(4) > 0 by the definition of .#Z. We also have that 3f,(1) + 2f,(4), so we obtain f,(1) <1/3
using that f,(4) > 0. All of this together implies that (f,, gy)(l,z,z,z,z) € Dj,. Finally, the fact that
(f,8) ~p (fy,gy)(l'z'z'z'z) shows that (f, ) € Dj,, as we wanted to prove.

Claim 6: The predicate O is internal at arity 6. The formula ¢ (x) defined below is an internal
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definition of OZ.

3y <¢/2(y) Ay = £(12222) , 1(12333) _ ,(21333)

(13233) _ (23133) , ,(13323) _ x(2'3'3'1'3)).

Claim 7: Let i € [3]. Suppose ¢(x) is an internal reference to U”. Then the following formula is
also an internal reference to U’:

¢'(x) = Jy3z (gb(y) A Qg (z) Ay = 21345\ x = 2(1'2'3'4'i'5)>.
Moreover, if (f, ) satisfies ¢(x) (on .#prp), then (f',¢’) satisfies ¢'(x), where
o (f(0),8'(1) = (f(0),8())) + (f(4),8(4))
* (f'(5),8'(5)) = (f(5),8(5)) — (f(4),8(4)), and
o (f'().&'(G)) = (f(j).8()), for j #i,5.

This is shown exactly as Claim 8 in Section 9.2.1.

Claim 8: Let i € [3]. Suppose ¢(x) is an internal reference to U”. Then the following formula is
also an internal reference to U’:

¢ (x) = 3z (‘P(y) Ao (2) Ay = 2123458 A x = Z(l,2,3,4,i,5)).
Moreover, if (f, ) satisfies ¢(x) (on .#pLp), then (f', ¢’) satisfies ¢’ (x), where

(f'(i),8'(1)) = (2f (i), 28(i)),
(f'(5),8'(5)) = (f(5),8(5)) — (f(i),&(i)), and
(f'(), &' () = (f(j),&(j)), forj # i,5.

Again, this follows similarly to Claim 8 in Section 9.2.1.

Claim 9: The predicate U7 is internal at arity 6. We prove the claim using Lemma 6.1. For
each (my,my, m3) € IN% we define an internal reference Oy, my,ms (X) tO uz inductively following the
lexicographical order on IN® in such a way that .# | ¢y, m, ms((f,g)) for all elements (f,g) € UZ
satisfying that (f(i), (7)) = m;(f(4),g(4)) for each i € [3]. We define

$1,1,1(x) = ¢o(x).

Now, let (mq, my, m3) € N3 and suppose i € [3] is the greatest index for which m; > 1. We have two
cases. Suppose m; is odd. Then we let n; = m; for j # i, and n; = m; — 1, and define

(Pml/mLmS(x) = Ely5|6z (9{)711,”2,1’13( ) QDE ( ) 2(1,2,3,4,5,5) 2(1’2'3'4'i,5)>'
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Otherwise, suppose m; is even. Then we let n; = m; for j # i, and n; = m;/2, and define

‘:bmllmzrms (x) = E|yE|6Z (4)"1,712,713 (y) A (PE;' (Z) ANY = 2(1,2,3,4,5,5) ANX = 2(1,2,3,4,1',5)) .

Now the statement follows from Claims 7 and 8.

Proof of Theorem 3.3. Observe that 5 > ar(U”) and 5 > ar(P) for all P € D. Theorem 3.3-(2) follows
from Theorem 8.3 and Proposition 5.2 using that Sz is finitely equivalent to I'", and 7 is internal at
arity 6 w.r.t. D.

We prove Theorem 3.3-(1) using Theorem 8.6 and Proposition 5.2. To do this it is enough
to define a 6-ary pattern ¥ of internal references to Z w.r.t. D. We map each finite structure
I e Hom(T'",-) to the minor condition ¥ defined as follows. First, we compute a homomorphism
v — (my, Ny, 0,) from I to T'" in polynomial time, in such a way that maxye; log, (myn,0,) < |I|.
Then we set

Y= 3 Yo 3 Xr (/\ (va/nvlﬂv(x?))) /\ /\ ¢R(xr) /\ X;lf_[ii = Xr(i)

vel  ReXi, reR! vel ReZ 4 reR! icar(R)

To see that ¥ can be computed in polynomial time, observe that ¢, takes O(log, (mno)) time
to be constructed inductively, and maxye; log, (m,1,0,) < |I|. In order to prove that (Z,D, ¥, 6) is a
valid pattern we just need to show that .#Z = ¥;. We give an explicit homomorphism from I to S7.
This map is defined by v — (fy, gv), Wwhere

i’

where j = maxyer My, + 1y + 0, + 1, and

_ <mv ny 0p 1 1_mv+nv+ov+1>
/]-/]'I ]- 7

&y = (mv/ Ny, 0y, 1/1 - (mv + Ny + 0y + 1)) .

Now .# = ¥ can be shown the same way as in the proof of Theorem 3.1-(1) in Section 9.1.1. [

9.4 Weak Near-Unanimity Polymorphisms

In this section we prove items (2)(i-iv) of Theorem 1.2. We begin by introducing a minion %’ that
characterizes the existence of WNUSs suitably. Then, item (1)(i) will follow from interpreting the
grid T over # (Section 9.4.1), and items (1)(ii-iv) from interpreting growing triangular slices V,
over # (Section 9.4.2).

Given k > 2, we introduce a minion %} that characterizes the existence of a n-ary w.n.u. We
define an auxiliary minion first. Let #; be the minion whose n-ary elements are the ordered
partitions of [2]. That is,

Wiln) = {ve (21)"

|J 7() = [k], and 7(i) " 7(j) = Sforalli # j}.
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Given a map 7 : [n] — [m] and elements w € #(n) and y € #;(m), the identity v = w” holds
if 7(i) = Ujer—1() @(j). We write 7y ~ w for two elements v, w € #(n) if for any 7 : [n] — [2]
we have that " = w’, that |y"(1)| = |w™(1)| = 1, or that |[y"(1)| = |w™(1)| = k — 1. Clearly the
equivalence relation ~ is compatible with minoring (i.e. v ~¢ w implies 4 ~; w’ for all suitable
maps 7), so we can define %y = #;/ ~¢. Given 1y € #, we write 7 to denote its ~-class.

Lemma 9.1. Let .# be a minion and p € IN be a prime number. Then .# contains a w.n.u. element of arity
k if and only if Wy — M .

Proof. Let w € #j(k) be the element defined by w(i) = {i} for each i € [k]. Suppose there is a
homomorphism « : #; — .#. Then a(w) must be a k-ary w.n.u.

In the other direction, suppose that f € .# (k) is a wn.u. Then we define a homomorphism
a : W — M by setting a(w) = f. This defines the homomorphism completely. Indeed, for any
v € #(n) we have that v = w™, where for each i € [k] we have 71, (i) = j if and only if i € ().
Hence, we define a(y) = f™. In order to prove that « is well-defined we need to prove that
f™ = f™ for any 71,72 € #; satisfying 1 ~ 2. Suppose that 1,72 € #i(n) are elements
satisfying 1 ~ 72 but y; # 2. Then there must be indices i, j € [n] satisfying |y1(i)| = |y2(i)] = 1
and |y1(j)| = |72(j)| = k—1. Let T : [2] — [n] be the map 1 — 7,2 +— j. Then for s = 1,2 we have
77 = T o0,, where oy : [k] — [2] satisfies |0, 1(1)] = 1 and |o;}(2)| = k — 1. The fact that f is a
w.n.u. implies that 1 = 2,50 f™1 = f™2, as we wanted to prove. O

We define # as the disjoint union | |3 # k. A straight-forward corollary of last lemma is the
following.

Corollary 9.2. Let .2 be a minion. Then .4 contains a w.n.u. of each arity k = 3 ifand only if W — M .

9.4.1 WNUs: Interpreting the Grid
The following interpretation Z induces a global structure that is finitely equivalent to I’

Interpretation 6. The Er-interpretation Z over # is given by

ut =7 3),

of = {w e 7 (3) ‘w(l) — w(2) = @}, and TS, —id,
and, for eachi € [2],

(1,2,3,3) forj =1,

(= B I _
E; *{weW(4)‘!w(3>\*1}' and HEi'f{(lziS)fOI‘jzz-

Given an integer k > 3 we define 7 as the restriction 7 |7k Then we have that Sz = | |;-; Sz,.
The idea behind this interpretation relatively simple (the difficult part will be to show that its
predicates are internal w.r.t. some suitable description). We represent grid elements (n,m) € IN
as elements @ € #(3) where the partition w satisfies |w(1)| = n — 1 and |w(2)| = m — 1. This is
correspondence is far from a bijection, but we only need to show finite equivalence.
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Claim 1: The structure Sz induced by 7 is finitely equivalent to I'. Given a number m € N,
we define I'y, to be the substructure of I induced on the elements (1,0) € N2 satisfying n +o0 < m.
Observe that I' is finitely equivalent to the disjoint union | _|;.)y I';, and that I'; — T; for each pairi < j.
We prove that It is finitely equivalent to Sz, for each k > 3. Observe that this proves the claim.
We define suitable homomorphisms. Let F : Sz, — Iy, be the map @ — (|w(1)| + 1, |w(2)| +1). To
see that F is well defined, observe that the relation ~; preserves the size of sets. That is, if w; ~¢ w>
for some w1, wy € #, then |w1(i)| = |wy(i)| for all i. The fact that F is indeed a homomorphism
follows from the definition of Sz,.

Now let H : Ty, — Sz, be the map given by (m, n) — @y, ,, where wy,, € 6,(3) is defined as
(X, Yo, [K]\(Xm U Yn)), where X, = [m —1]and Y,, = {k —n+2,...k}. Observe thatform =n =1
we have X, = Y, = &. Hence, H(1,1) € O%%. To see that H is a homomorphism we need to prove
that H preserves E; and E;. We show the statement for E;, the other case is analogous. In other

words, we need to prove that (Wy, », Wyi14) € Efz" forall ((m,n),(m+1,n)) e Elrk“. Consider the
element w = (X, Yy, {m}, [K]\(Xm U Yy U {m})). Then we have that @ € EZ, and

o 71—[7.' . 7HI
Wy =W B, Wy, =w 872,

as we wanted to prove. This completes the proof of the claim.

We define a description D so that Z is internal at arity 4 (w.r.t. D).

Description 6. The description D < 27 consists of the predicates

Dy = {we€(2)|w(1) = &},
D = {@we?(2)||lw(1) =1},
Dy ={we%?2)||lw)||w@)|#1,and 1 € w(1)}.

Given o € {0,1,*} we also define the auxiliary binary predicate C. € 2”" which contains all
elements @ such that @>") e D,. This way,

L] oo )| [ ¢

0e{0,1,*} 0e{0,1,%}

is a partition of #/(2).

We warn the reader that we deal with two nested equivalence relations from now on: An
element (@) € # /D is a ~p-class of some @ € #, which is in turn a ~-class of an element w € #;
for some integer k > 3.

Now the task at hand is showing that 7 is internal with respect to D. The crux is proving that
the predicate D; is internal w.r.t. D, as that predicate is what enables us to define unit increments.
This seems intuitive: after all, the elements @ € #(2) with |w(1)| = 1 are the ones that explain the
existence of WNU elements in # . The intuition behind the internal reference to D; shown in Claim
4 is that, starting from an element of the form @ = ([k], &’), the elements of D; are the only ones
which allow us to transfer all the weight of w from its first coordinate to its second coordinate by
taking D-equivalent “scoops”. We show that Z is internal at arity 4 (w.r.t. D) through the following
claims.
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Claim 2: The predicates uz, o?, 1'51I and E% are all D-stable. This follows from the definitions.

Claim 3: The predicate O is internal at arity 4. Indeed, the following formula is an internal
definition of OZ:
po(x) = x = £33,

Claim 4: Let m > 1 be an integer. Then the following is an internal reference to D;:

2 4
11 2,2
(D= J v 3z (yl ="V A Y1 = yfﬂﬁ) A\

ie[m+2]  je[m]

_(2122) _(2212) o _(1112) o _(1122) o (1222)
/\x—zi AX =2z AYi =7z A Yiyl = Z; A Yig2 = Z; .

ie[m]

We recall the intuition given at the start of this series of claims. Consider an element wy € # such
that #/ /D k= ¢1,.((@x)) and consider a satisfying assignment witnessing this, given by y; — (@,
and z; — (W) for all suitable indices i. What this formula indicates is that all the mass of w,, is in
its first coordinate, and all the mass of wy,,, is in its second one. The sequence wy,, ..., wy, ., is
obtained by successively taking D-equivalent scoops out of the first coordinate of w,, and placing
them into its second coordinate, obtaining wy,,. The key idea is that this is only possible if the
scoops are of size one. Otherwise, only one of them would contain the element 1 and would not be
D-equivalent to the rest. This motivates the predicate D, € D. Now we give the formal argument.

Suppose that €/D = ¢1,,({@)), with (@y,) and (@, ) as witnesses for each variable y;, z;. We
prove that w € D;. Suppose that w ¢ D; for the sake of contradiction. Then w must belong to either
Dy, Dy, Cp, C1, Cs«. We rule out each of the possibilities by case analysis.

—(2122) —(22,1,2)

Suppose that w € Dy. Then, w;; , Wy, € Dy for all i € [m]. This means that for all

i € [m] we have w;,(2) = w;(3) = &, and 52’1’1’2) = wﬁ.}'lfzfz) = Eg’z’M). This yields that

Wy, ~p Wy,,, ~p Wy,,, for alli € [m], so in particular w,, ~p @y, ,,. This implies w,, € Dy n Cp, a
contradiction.

(2'1'2'2),@(2'2'1'2) € Dy, for all i € [m]. However, this
means that 1 € w;,(2), and 1 € w;,(3), contradicting the fact that w, is an ordered partition.

Suppose that w € C;. Then, wﬁf'l'z'z),wgf'z'l'z) € D, for all i € [m]. This means that

Suppose that w € D... This implies that w;

|z, (D] + @z (3)] + [wz (4)] = |wz; ()] + |wz (2)] + |wz (4)] = 1,
This implies that |w,(2)| = |w;,(3)| < 1. However, these identities together with
‘wzi(l)‘ + |wZi(2)‘ + |w21(3)| + ‘wzi(4)‘ >3

also imply that |w,(2)|, |w,(3)| = 2. This yields a contradiction.

Suppose that @ e Cy. Then, @,, >, @, (>?12) ¢ C; for all i € [m]. The first inclusion means
that w,(1) = w;,(3) = w;,(4) = &, and the second means that w;,(1) = w;,(2) = w;,(4) = &. This
means that all entries of w;, contain the empty set, contradicting the fact that w;, is an ordered
partition of [k] for some k > 3.
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(2 12 2) 7(2 2,1,2)

Suppose that w € C,. This is the hardest case. We have that w; e C, for all
i € [m]. Using the facts that w,, € Cy and wy, ~p wg A12) e obtain that wzl( ) = . This way,
Wy, ~p Eg A22) _ 52’1’2’1), and in particular w,, € Ds. Let2 < j < m + 2 be the smallest index

satisfying wy; ¢ D,. Such index must exist because Dy and D are disjoint, and wy,,,, € Do. We
prove that wy; € D;. Indeed, we have both

_ f(1122) _ —(1222)
Wy, , ~p Wz, and @y, . ~D Wz

By our choice of j, it must be that Wy, , wg 122 2) ¢ D, meaning that 1 ¢ wz; B)u ¢ wzj72(4).

Additionally, the fact that w(2122) e C, implies that 1 ¢ Wz, (2) as well. Hence, 1 € wzj_z(l).

This implies that w(l 222) belongs to either D; or D,. By our choice of j the first case must hold,

yielding @y, € Ds. Thus j < m+2,because wy,,,, € Dy. Now consider the element w,_,. The fact

that w,, ~p wgl 122) implies that |wz;_, (1)| + |w;_,(2)| = 1. However, the fact that w(z 122) € D,

implies that |wzj_1( )| > 1, a contradiction.

Claim 5: Let m > 1 be an integer and let @ € #,.2(2) " D;. Then # = ¢1 (). We find
witnesses for each variable in ¢ ,,. For each i € [m + 2], let wy, € #;,42(2) be defined as

wy, (1) = [m+2—1],

and
wy,(2{m+3—1i,...,m+2}.

Similarly, given i € [m], we define w;, € #;,12(4) as
w0 (1) = [m— ], ws(2) = {m+1-i),
wz(3) ={m+2—i}, and
wz(4) ={m+3—i,...,m+2}.

Now it is routine to check that % |= ¢ ,, (@) with @,, as a witness for y; for each i € [m + 2], and
w5, as a witness for z; for each i € [m].

Claim 6: Let i € [2]. Then E? is internal at arity 4. By Claim 4, given an integer m > 1, the
following is an internal reference to EZ:

P (x) = 1, (xP>12).

Moreover, by Claim 5, if @ € # 42 n EX, then # |= ¢ u(@). Hence the claim follows from
Lemma 6.1.

Proof of item (2)(i) of Theorem 1.2. Observe that 3 > ar(U?) and 3 > ar(P) for all P € D. The claims
in this section show that S7 is finitely equivalent to I', and Z is internal at arity 4 w.r.t. D. Hence, the
result follows from Theorem 8.1 together with Proposition 4.2. It is enough to consider templates of
the form (K3, B) in the statement. O
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9.4.2 WNUs: Interpreting Triangular Slices

The following interpretation Z over # induces structures Sz, that are homomorphically equivalent
to V, for each integer m > 3, where Z,, = 7 |Wm'

Interpretation 7. The Ly-interpretation Z over # is defined as in Interpretation 6, by adding

W ={we#7(3)|wB) =g} and I, =id.

Claim 1: For each integer k, the structures V and S7,_are homomorphically equivalent. The
maps defined in Claim 1 in Section 9.4.1 are homomorphisms in both directions between V and Sz, .

We define the description D < 2”7 in the same way as in Description 6. We claim 7 is internal at
arity 4 (w.r.t. D). The following, together with the claims from Section 9.4.1, proves the statement.

Claim 2: The predicate W’ is internal at arity 4. Clearly WZ is D-stable. Additionally, the
following is an internal definition of WZ:

P (x) = x(112) = (L),

Proof of items (2)(ii-iv) of Theorem 1.2. Observe that 3 > ar(U?) and 3 > ar(P) for all P € D. Let
7 and D be the Ly-interpretation over ¢ and the description over # given in this section. The
claims in this section and the previous one show that for each integer k > 3, the structure Sz,
is homomorphically equivalent to V5, where 7y = Z|,, and 7 is internal at arity 4 w.rt. the
description D. Then the result follows from Proposition 5.3 together with Theorem 8.2. It is enough
to consider templates of the form (K3, B) in the statement. O

9.5 Cyclic Polymorphisms

In this section we prove items (1)(i-iv) of Theorem 1.2. We begin by introducing a minion %
that characterizes the existence of cyclic polymorphisms suitably. Then, item (1)(i) will follow
from interpreting the grid T over € (Section 9.5.1), and items (1)(ii-iv) from interpreting growing
triangular slices V,, over € (Section 9.5.2).

Given prime arity. Given a prime number p € IN, we define the minion %), as follows. We let

€ (n) = {’y € <ZZP)n

The minoring operation is defined as follows. Let y € €' (n), 7t : [n] — [m]. Then ¥ = w, where
w(j) = Uiex—(j) 7(i) for each j € [m], and empty unions yield the empty set.

Givenaset S € Z, and an element m € Z, we write S + m for the set {n +m | n € S}. Given two
elements y, w € €,(n), we write y ~, w if there is some element m € Z, such that (i) = w(i) + m

| 7() = 2Z,, and 7(i) 0 7(j) = Sforall i # ]}.

ie[n]
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for all i € [n]. Observe that ~, is an equivalence relation and it is compatible with minoring, in
the sense that y ~, w implies ¥ ~, w”. We write 7 to denote the ~-class of an element -, and
define %), as the quotient minion %)/ ~.

Lemma 9.3. Let .# be a minion and p € IN be a prime number. Then .# contains a cyclic element of arity
pifand only if €, — M.

Proof. We show both directions. Suppose there is a homomorphism &« : ¢, — .#. Lety =
({0},{1},..., {p — 1}) € €,(p). Then the element 7y € € (p) is cyclic, so a(77) must be cyclic as well.

In the other direction, suppose that f € .#(p) is a cyclic element. Then we define a homo-
morphism « : ¢, — .# by setting «(7) = f. This defines the image of any element @ € %, (n).
Indeed, we have that w = "™, where 7, : [p] — [n] is the map that sends i € [p] to j € [n]
if the element i — 1 € Z, belongs to w(j). Hence, we can define a(w) = f™. To see that this
is well defined, we need to prove that whenever w; ~, w, then f™1 = f™2. However, if
w1 ~p wy, then there is some m € Z, such that w(i) = wy(i) +m for all i. This means that
T, = T, 00™, whereo = (p—1,1,...,p —2) is the cyclic shift. Hence, as f is cyclic, we obtain
that f™2 = (f7")™1 = f“1, as we wanted. We have shown that « is a well-defined map. The fact
that « is a minion homomorphism now follows from the fact that if w; = wf, for some elements
w1, w2 € Gp then 7y, = 7T 0 7e,. O

We define ¢ as the disjoint union | | p prime % p. A straight-forward corollary of last lemma is the
following.

Corollary 9.4. Let .# be a minion. Then .# contains a cyclic element of each prime arity p if and only if
C — M.

9.5.1 Cyclic Polymorphisms: Interpreting the Grid

The following interpretation Z that induces a global structure which is finitely equivalent to I'. We
note that this interpretation is completely analogous to Interpretation 8, defined over .

Interpretation 8. The r-interpretation Z over % is given by

ut =%(3),
of = {w cZ(3) ‘w(l) — w(2) = @}, and TI5, —id,

and, for eachi € [2],

(1,2,3,3)forj =1,
(1,2,1,3) forj = 2.

1

B = {@e?() ‘ W@ =1}, and T, - {

Given a prime number p we define Z, as the restriction 7 |?p. Then we have that S7 = Sz,.

|_|p prime “Zp
Claim 1: The structure S7 induced by 7 is finitely equivalent to I'. This follows similarly to
Claim 1 in Section 9.4.1. Given a number m € IN, we define I, to be the substructure of I' induced
on the elements (1,0) € IN? satisfying n + 0 < m. Observe that I is finitely equivalent to the disjoint
union | |, I, and that I'; — I; for each pair i < j. We prove that I'p,» is finitely equivalent to Sz,
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for each prime number p. Observe that this proves the claim. We define suitable homomorphisms.
Let F: Sz, — I'p42 be the map w — (lw(1)] + 1, [w(2)] + 1). To see that F is well defined, observe
that the relation ~, preserves the size of sets. That is, if wq ~p W for some wq,w, € 6y, then
|w1(7)| = |wa(7)| for all i. The fact that F is indeed a homomorphism follows from the definition of
Sz.
Now let H : T',1» — Sz, be the map given by (m,n) — wWi,., where wi,, € €)(3) is defined as
(X, Yo, Zp\( X v Yy)), where X, = {0,...,m—1}and Y, = {p —n +1,...p — 1}. Observe that
form =n =1wehave X;,, =Y, = &. Hence, H(1,1) € O°% . To see that H is a homomorphism we
need to prove that H preserves E; and E,. We show the statement for E;, the other case is analogous.
In other words, we need to prove that (wy, ,, Wpni1,n) € Efzp for all ((m,n),(m+1,n)) € Elr””.
Consider the element w = (X, Yy, {m}, Z,\(Xin 0 Y, U {m})). Then we have that w e Ef, and

o 71—[1' . 7HI
Wyp =W B, Wy = @ 072,

as we wanted to prove. This completes the proof of the claim.

We define a description D so that Z is internal at arity 5 w.r.t. D.

Description 7. The description D < 27 consists of the predicates

D = {@e %(3)| lw(2)| = nlw(1)] for some integer 1 > 0.

We also consider the auxiliary predicate

D- = {@e%(E)|lw(1)] = W) }.

As in Section 9.4, we warn the reader again that we deal with two nested equivalence relations
from now on: An element (@) € €/D is a ~p-class of some @ € ¢, which is in turn a ~ ,-class of an
element w € %), for some prime p.

As in the previous section about WNU polymorphisms, here the more involved part is show-
ing that 7 is internal with respect to D. Here the important step is showing that the predicate D is
internal, because it allows us to define unit increments. We can show that Dy is internal if D is
internal, because the elements in D; are precisely the classes of tuples w where w(1) is a set whose
size divides the size of w(2) (here it is crucial that we are dealing with cyclic elements of prime
arity). To speak about division, we need to speak about equality, so the most important part is
proving that D_ is internal, as shown in Claim 4. The intuition is that, if we represent Z,, in a circle
in the usual way, an element w with w € D_ selects two points in the circle, given by w(1) = {a}
and w(2) = {b}, and we can think of the pair (4,b) as a “step”. Then the idea is that in ¢ one can
return to a from b taking D-equivalent steps. We show that 7 is internal at arity 5 (w.r.t. D) through
the following claims.
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Claim 2: The predicates uz, o?, ElI and E% are all D-stable. This is a routine check.

Claim 3: The predicate O is internal at arity 5. Indeed, the following formula is an internal

definition of OZ:

po(x) = x = x3.

Claim 4: Let p be a prime number. Then the following predicate is an internal reference to D_:
pp(x) = x = X219

if p=2,and

4 5
1,2,3,3 3,123 2,3,1,3
p-p()= 4 v 5 Zi(yi P xny?Y —x Ay )=X> A
| oy

(1,2,3,3,3) o (3,3,1,2,3) o (12344) ) o (12434)
/\ z; =z ANYi =2 AYig1 = Z;
ie[p—3]

if p > 2. Let us show that ¢— ,(x) is an internal reference. The case p = 2 is straightforward.
We assume that p > 3. Suppose that /D | ¢- ,({@wy)) with (@,,) as the witness for y; for
each i € [p —2] and {(w,) as the witness for z; for each i € [p — 3]. We repeat the intuition
given before this chain of claims. The idea is that w, fixes a step inside some cyclic group. lL.e.,
wx = ({a},{b},Z,\{a,b}). Then, up to equivalence in ¢/D, each element wy, is of the form
({a},{b},{ci}, Z;\{a,b,c}), where c;y1 = c; + b —a, and ¢; = 2b — a. Then the idea is that at the end
we have come full circle, so to say, and obtain Cp—2 = 2a— b. Now we proceed with the formal
argument.

First, we show that |w,(1)| = |wx(2)|. Suppose that |w,(1)| < |wx(2)| for a contradiction (the
reverse inequality can be dealt with analogously). We prove that |wy,(1)| < |wy,(2)| < |wy,(3)] for
all i € [p — 2] by induction on i. For i = 1, we have that @(1'2'3'3) ~p Wy, and @(3'1'2'3) ~p Wy, SO
necessarily |wy, (1)| < |wy, (2)| < |wy, (3)|. Now let i > 1 and suppose that

|y (D] < ey, )] < |y, (3)]:

12,344
), SO

We have that w,,_| ~p wy ¢
wz,, (D] < |wz,_,(2)] < |wz,_, (3)]-
Additionally, @, 1%3%3) ~p, @, G3123) 50
‘wzi—l (3)’ < |wZi—] (4)‘
Finally, wy; ~p @w;,_, (1'2'4'3'4), so we can conclude that
|wyi(1)| < |w]/i(2)’ < |wy,'(3)‘/
as we wanted to show. We have shown that

|y, (D] < |wy, ,2)] < |wy, ,3)]-
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However, wy ~p wyp72(2'3'1'3) implies that

’wyp72 ()] < |wypfz (DI,

a contradiction. Hence, it must be that |wy(1)| = |w«(2)]| to begin with.

Claim 5: Let p be a prime, and let w € ¢,,(3) be such that |w(1)| = |w(2)| = 1. Then € | ¢— ,(@).
Suppose that p = 2. Then w ~, ({0}, {1}, &) ~, ({1}, {0}, F), proves the statement. Suppose that
p = 3. Without loss of generality we can assume that w = ({0}, {m}, Z,\{0, m}) for some m € Z,.
We find witnesses wy;, w;,, for every variable y;, z;. Given i € [p — 2] we define

wy, = ({0}, {m}, {(i + Vym}, Z,\{0,m, (i + 1)m}).
Giveni € [p — 3], we define
wz, = ({0}, {m}, {(i + V)m}, {(i + 2)m}, Z,\{0,m, (i + 1)m, (i + 2)m}).

Now it is routine to check that our choice of representatives satisfies ¢— ,(@).

Claim 6: Let p be a prime, and let m > 0 be an integer. Then the following is an internal
reference to D -:

3 4
P pm(x) = E' Yi El Zj <y§2,2,2) = y§2,1,2) ANX = ym+1> A

ie[m+1]  je[m]

(/\ Z§1,2,3,3) =i A 251,2,2,3) = Vi1 A (P=,p(Z§1'3'2'3))> )
ie[m]

Suppose that /D | ¢ ,u((@)), with (@,;) and (@7,) as witnesses for each variable y;, z;.
We prove that @ € D-. In order to show this, we prove by induction on i that w,, € D-
for each i € [m + 1]. This proves the result because @ ~p wy, . Fori = 1, we have that
aT/l(Z'Z'Z) ~D @(2'1'2). Given that the first element must belong to Dy, so does the second one, and
we obtain that wy, (2) = . Hence wy, € D vacuously. Now let i > 1 and assume that |w,, (1)
divides |wy,(2)|. Using that w,; ~p @, 1233 we obtain that |w.,(1)| divides |w.,(2)|. We also have
that |w;,(1)| = |wz,(3)| using that ¢ ,(x) is an internal reference to D—. Hence |w.,;(1)| divides
|wz,(2)] + |w,(3)]. Finally, using that wy, .| ~p w1223 we obtain that Wy, belongs to D, as we
wanted to prove. This shows the claim.

Claim 7: Let p be a prime and let 0 < m < p — 1 be an integer. Let w,,, € ¢,(3) be defined
as ({0},{1,...,m},{m+1,...,p—1}). Then € }= ¢~ u(@Wpm). We show the claim by defining
suitable witnesses for each variable in ¢. , ,,. For each i € [m + 1] we define wy, = w;;_1, and for
each i € [m] we define

w., = ({0}, {1,...,i— 1} {iL{i+1,...,p—1}).

Now it is routine to check that the elements wy,, @, are witnesses for the variables y;, z;. The key
observation is that @(1'3'2'3) satisfies ¢— ,(x) on ¢ for all i € [m] by Claim 5.
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Claim 8: The predicate D; is internal at arity 5. We apply Lemma 6.1. Let w, € ), be the element
({0}, Z,\{0}). We define an internal reference to D; that is satisfied by @,. This interpretation is the
following.

P1,p(x) = 33y (]/ = 212 A 4’+,p,p—1(]/)) .

Let us show that ¢ , is an internal reference to D;. Suppose that € /D = ¢1,,((wx)) with (@) as a
witness for y. Observe that w,(3) must be the empty set. Indeed, we have that w, ~p w12, s0
wy(z 21) @, ??), and @,*? € Dy, so wy(z 21) € Dy as well. Additionally, the formula ¢ pp—1(x)

is an internal reference to D, so |wy(1)| must divide |wy(2)|. Both these numbers must add up to
122)

some prime ¢, so the only possibility is that |w,(1)| = 1 and |wy(2)| = g — 1. This means that i il
belongs to D;. Finally, using again that w, ~p @, 1), we obtain again that ¥ belongs to Dy, as we
wanted to prove.

Now, in order to see that @), satisfies ¢ ,(x) on %, just consider @, as a witness for y, where w,
is the tuple ({0}, Z,\{0}, &) € €, and apply the previous claim.

Claim 9: Let i € [2]. Then the predicate E/ is internal at arity 5. We apply Lemma 6.1, as
usual. Let @ € E7 be such that w € %), for a prime p. Then, using the previous claim we obtain that

Pr,p(x) = pr,p(x>H12)

is an internal reference to EZ and is satisfied by @ on &

Claim 10: The predicate U7 is internal at arity 5. Trivially, the following is an internal definition of
uz:
gulx) =x = x.

Proof of Theorem 1.2-(1)(i). Observe that 3 > ar(U?) and 3 > ar(P) for all P € D. The claims in this
section show that Sz is finitely equivalent to I, and Z is internal at arity 5 w.r.t. D. Hence, the result
follows from Theorem 8.1 together with Proposition 4.2. O

9.5.2 Cyclic Polymorphisms: Interpreting Triangular Slices

The following interpretation Z over € induces structures Sz, that are homomorphically equivalent
to V42 for each prime number p,

Interpretation 9. The Zy-interpretation Z over % is defined as in Interpretation 8, by adding

WZ = {we?@) ’w(3) - @}, and T, —id.

Claim 1: For each prime p, the structures V., and Sz, are homomorphically equivalent. The
maps defined in Claim 1 in Section 9.5.1 are homomorphisms in both directions between V> and
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Sz,
We define the description D < 27 asin Description 7. The interpretation Z is internal at arity 5
(w.r.t. D). The following claim together with the claims from Section 9.5.1 prove the statement.

Claim 2: The predicate W’ is internal at arity 5. Clearly W” is D-stable. Additionally, the
following is an internal definition of WZ:

(,bw(x) = x(lfer) — x(l,l,l)‘

Proof of items (1)(ii-iv) of theorem 1.2. Observe that 3 > ar(U?) and 3 > ar(P) for all P € D. The
claims in this section and the previous one show that for each prime number p, the structure Sz,
is homomorphically equivalent to V4>, where Z, = 7 |<7p, and 7 is internal at arity 5 w.r.t. the
description D. Then the result follows from Proposition 5.3 together with Theorem 8.2. It is enough
to consider templates of the form (K3, B) in the statement. O

10 Discussion

This work represents a step towards understanding the relationship between search and decision
in promise constraint satisfaction. It is important to insist that the relationship between our results,
the Search vs Decision question for PCSPs, and other related questions in the literature [17,21] is
nuanced. While we prove that rounding the output of the algorithms BLP, AIP, and BLP + AIP is
hard (in the TENP sense), it is still possible that, for instance, whenever BLP solves the decision
version of PCSP(A, B), another linear programming relaxation, such as the ones introduced in [17],
can be used to solve the search variant of PCSP(A, B). A counterintuitive possibility is that even
if both algorithms BLP and BLP + AIP cannot be used for search separately, it could happen that
BLP + AIP could be adapted for search in the templates where decision is solvable via BLP. In other
words, it could be the case that sSPCSPprp;a1p(A, B) is tractable whenever BLP solves PCSP(A, B).

The Search vs Decision Question We have shown that, conditional to TENP ¢ FP, not every
efficient decision algorithm for PCSP(A, B) can be turned into an efficient decision algorithm for
sPCSP(A, B) that accepts the same instances. So in this particular sense search PCSPs are more
difficult to solve than decision PCSPs, although this is not a complexity-theoretic separation. We
remark that TENP & FP is the weakest assumption under which these questions make sense. If Q
is a polynomial-time algorithm solving PCSP(A, B), then sPCSP4(A, B) can be seen as a problem
in TENP if one considers rejections by Q as proper search certificates. Hence, sSPCSPg(A, B) can be
solved in polynomial time if TENP < FP.

We have considered the problem of obtaining search algorithms from efficient decision al-
gorithms, but standing above is the open question of whether, in the finite-template setting,
sPCSP(A, B) has a polynomial-time solution whenever PCSP(A, B) does. We do not consider our
results strong evidence to the contrary: There is some reason to believe that, say, the third level of
the BLP + AIP hierarchy [28] could be used to solve sPCSP(A, B) for all templates used to prove
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Theorems 3.1 to 3.3. We sketch the argument here. Given Q € {AIP,BLP, BLP + AIP}, those res-
ults show hardness of sSPCSPo (A, B) by proving that sSPMCy (.#g, /") is hard, where ./ is some
manifold minion built on top of a quotient of .#¢. If, instead, we want to prove the stronger result
that sSPCSP(A, B) is hard, then we need to show that SPMCy/(22, ./") is hard, where %7 denotes the
minion of projections. The reason our proof fails to show this result is that the minor conditions ®¢
that arise in our patterns do not hold in . In fact, they can be ruled out by a 3-consistency check.
Hence, there could be an efficient method of obtaining search certificates for minor conditions that
are both accepted by Q and 3-consistency in a way that does not involve solving the tiling problem
encoded in ./,

We further observe that a separation of search and decision PCSPs implies a non-dichotomy for
search PCSPs unless the polynomial hierarchy collapses to its first level.

Theorem 10.1. Let (A, B) be a finite template for which PCSP(A, B) has a polynomial-time solution.
Suppose that NP# coNP. Then sPCSP(A, B) is not FNP-hard. In particular, if sSPCSP(A, B) has no
polynomial-time solution, then it must be FNP-intermediate.

Proof. Let Q be a polynomial-time algorithm solving PCSP(A, B). Then, by our previous reasoning,
sPCSP (A, B) € TENP. The problem sPCSP(A, B) is trivially reducible to sSPCSPg(A, B). We note
that if we see sSPCSPg(A, B) as a total problem, then this reduction must be seen as a general-
ized many-one reduction, as it may need to map some answers in sSPCSP(A, B) to rejections in
sPCSP(A, B). It is known [55, Theorem 2.1] that, unless NP = coNP, there is not a problem in
TFNP that is FNP-hard under generalized many-one reductions '°. Hence sPCSP(A, B) cannot be
FNP-hard. O

Small Templates Our techniques produce templates (A, B) where B can grow quite large. To
construct B we start with a set of tiles T that exhibits some interesting behavior. For instance, if
we drop the origin constraint, it is known that the smallest aperiodic tile set has 11 elements [46].
Or alternatively, we start with a problem I1 € TENP, translate it into a problem about a particular
Turing machine, and encode this machine in a tile set T. Then, construct an manifold minion ./
using T and a suitable quotient of an interesting minion .. Finally, B is obtained as some free
structure of ./, although this last step does not have a significant impact on B’s size. Therefore it
seems safe to assume that our techniques have little to say about templates where the domains of
both A and B are small. For instance, it is still possible that AIP, BLP, and BLP + AIP can always
be adapted to solve search in Boolean PCSPs.

A somewhat unsatisfactory aspect of our reductions is that they are oblivious to the structure
inside TENP. For example, can we obtain an explicit and relatively small template (A, B) such that
BLP solves PCSP(A, B) and the rounding problem sPCSPg;p(A, B) is PPAD-hard (i.e., as hard as
the problem of computing Nash equilibria [33])? What can we say about the templates (A, B) for
which sPCSPg; p(A, B) is PPAD-hard?

Infinitely Many Symmetric Polymorphisms It is known that the algorithm BLP + AIP solves
(the decision variant of) PCSP(A, B) whenever Pol(A, B) contains symmetric polymorphisms of
infinitely many arities. It is not known, however, whether sPCSP(A, B) is also tractable for these

10This result is often misquoted as referring only to many-one reductions, but notice that in that case the statement is
vacuous: a non-total search problem cannot be reduced to a total problem via many-one reductions.

60



templates [17,21,50]. Of course, a negative answer would imply a separation between search and
decision for PCSPs. One open possibility is that running the BLP algorithm on a different ring other
than Q, such as Z[+/2], is enough to obtain an output that can be rounded in polynomial time and
to solve sSPCSP(A, B). The intuitive reason for this is that those rings avoid “rounding boundaries”,
which seemed to be the obstacle to widely-applicable rounding procedures. An insight from our
results is that this difficulty is intrinsic: when we prove TFNP-hardness, the tiling problems are
precisely encoded on the rounding boundaries of the corresponding PCSPs (for instance, on the
values of the form 2,%3"1 in Section 9.2.2). If these boundaries are the root reason the rounding
problems are difficult, then avoiding them may be key for obtaining efficient search algorithms.

The work [17] poses a question, later repeated in [21] for the Boolean setting, whose affirmative
answer would yield efficient search algorithms for all templates with infinitely many symmetric
polymorphisms. This question is whether these templates must also contain an infinite consistent
family of so-called “regional-periodic” polymorphisms. We remark that our results do not rule out
this possibility, but they restrict the ways in which it might hold. For example, let (A, B) be a finite
template satisfying that BLP solves PCSP(A, B) but all homomorphisms .#pp — Pol(A, B) are
non-computable, as in Theorem 3.2. Then the minion Pol(A, B) cannot contain a consistent family
of nicely-behaved symmetric polymorphisms of all (emphasis on the word all) arities, because they
would entail a computable homomorphism .#pp — Pol(A, B). Still, it could be the case that one
of these families exists, but only containing polymorphisms of infinitely many arities.

Other Algorithms A natural next step in light of our results is to study other PCSP algorithms
from the same perspective. An obstacle is that we do not know of explicit minion characterizations
for k-consistency for k > 3 and other algorithmic hierarchies [28] for any level after the second.
Two cases where relatively tame minion characterizations can be obtained are the SDP algorithm
[20,28], named after the semi-definite programming relaxation [63], and extensions of singleton arc-
consistency [34] such as the CLAP algorithm, introduced in [27]. Out of these, SDP is the case most
similar to the relaxations studied in this paper. In the minion .#Zspp, introduced independently
in [20,28], n-ary elements are n-tuples of finitely-supported orthogonal vectors in RN that add-
up toe; = (1,0,...,0,...). Minoring is defined by means of addition, as in the case of .Zap
and .#gp. We outline some intuition indicating that our methods may be difficult to apply to
AMspp. An observation is that our reductions exploit the lack of symmetry of the minions .#¢ for
Q e {AIP,BLP, BLP + AIP}: an interpretation Z over .#Z that is internal (w.r.t. some description)
must, in particular, be invariant under the endomorphisms of .#g. This lack of symmetry also
seems necessary to obtain internal references to interesting predicates. In the cases of .#Zx1p and
1p the only endomorphisms are the identity maps. However, any isometry of RN that fixes
the origin and e; induces an endomorphism of .Zspp, making this minion extremely symmetric
compared to the ones studied in this paper. This theme of lack of symmetry leading to hardness is
recurrent in the theory of constraint satisfaction.

Other Meta-Problems We point out several meta-problems whose decidability is still open. All of
these are well known in the area, but are most often posed as quests for characterizations. Maybe an
equally promising direction would be to consider them as invitations to prove the absence of effective
characterizations. We believe that resolving those questions could shed light on the ways in which
PCSPs may be too expressive, or pinpoint some structure that aids in the further development of
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the theory.

The meta-problems for virtually all PCSP algorithms referred to in this paper other than
AIP,BLP, BLP + AIP remain open. The exception is arc-consistency, but tractability through this
algorithm is equivalent to pp-constructability from a fixed tractable finite-template CSP (Horn
3-SAT) which is decidable [11]. An important case is the one of k-consistency. Both [4] and [29]
have found some sufficient conditions implying that PCSP(A, B) has linear width (and hence is
not solved by any fixed level of the local consistency algorithm), but we do not know of any
non-trivial necessary conditions. In this context, is also worth going back to the CSP setting.
There, the meta-problems for BLP, k-consistency, k-Sherali Adams, are decidable ([16], [8], and
[3,5] respectively) and the relationship between those algorithms is well understood. However, for
finite-template CSPs we do not have a good understanding of AIP and its derived algorithms (e.g.,
BLP + AIP, cohomological k-consistency [30], the BLP + AIP hierarchy [28], CLAP [27]), and the
related meta-problems are open.

Other than meta-problems related to algorithms, an important open question is whether we
can recognize the cases where PCSP(A, B) is finitely tractable [2,9], meaning that there is a finite
structure C such that A — C — B and CSP(C) can be solved in polynomial time. In [47] it has been
shown that the size of the smallest witness C of finite tractability can grow quite large compared
to A, B (if P# NP), suggesting that characterizing this phenomenon may be difficult. In the same
direction, another open-problem is the one of recognizing the cases where PCSP(A, B) is solvable
in first-order logic. Recently [56] showed that this occurs precisely when A — C — B for some
finite C such that CSP(C) is definable in first-order logic. The cases where CSP(C) is definable in
tirst-order logic are decidable [53], but in [56] there is no obvious bound on the size of C in terms of
(A, B), suggesting that this also may be a difficult meta-question.

Finally, the different notions of reductions between PCSPs are another source of interesting
problems. Reductions between finite-template PCSPs by means of pp-constructions are charac-
terized by the existence of a homomorphism between the corresponding polymorphism minions
[11], which can be shown to be a decidable condition. However, these reductions are provably not
enough to obtain all NP-hard finite-template PCSPs from, say, 3-SAT (see the discussion in [50]).
Other proposed reductions are the ones given by so-called (d, r)-homomorphisms between minions
[14], and the more general local consistency reductions [32]. These give rise to natural meta-problems:
Given finite templates (A, B), (A’, B') can we decide (1) whether there is a (d, r)-homomorphism
from Pol(A’, B) to Pol(A, B) for any d,r € N? (2) whether PCSP(A, B) reduces to PCSP(A’, B') via
the k-consistency reduction for any k € IN? Another related, and perhaps more accessible question
is: given a finite template (A, B), can we decide whether Pol(A, B) has bounded essential arity? By
this we mean that there is some d € IN such that every polymorphism f € Pol(A, B) depends on at
most d variables [11]. This implies the existence of a (strong version of a) (d, 1)-homomorphism
to the minion of projections &, and is a condition that has been used to prove hardness of some
PCSPs (e.g., [6]).
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A Proofs of Section 5

We assume familiarity with Turing machines and computability-related notions during this section.
We refer to e.g., [1] or [31]. We introduce some related notation below.

A non-deterministic Turing machine M is a tuple (Q, (), A), where (1) Q is a finite set of states,
containing an initial state go, an accepting state 4, and a rejecting state g_, where g, # g, (2) Qisa
finite alphabet containing a distinguished “blank” symbol o, and (3) A < (Q x Q) x (Q x Q x {L, R})
is the transition relation. The machine M is deterministic if the transition function A contains at
most one pair whose first element is (g,a) for each (g,4) € Q x Q). We adopt the convention that a
Turing machine M is executed on a single right-infinite tape, and the initial position of the head is
always the start of the tape. We say a Turing machine is immortal if it has an infinite run starting
from any finite input word.

Let M = (Q, (), A) be a (non-deterministic) Turing machine and # a fresh symbol. A configuration
of M is given by a pair (w, q) € (Q U {#})%=0 x (Q U {#})%=>0. The 0-th position of the configuration
symbolizes a blank spot to the left of the tape, which starts at position 1. Formally, (1) w describes
the contents of M’s tape from left to right, starting with the symbol # which marks the extra position
before the leftmost end of the tape, and (2) g contains a state g € Q in a single entry and the # symbol
in all the others, denoting that the head of M is at the given position in state g. Given i € IN (observe
here indices start at 1), the i-th local description of (w, q) is the pair ((w;_1, Wi, wit+1), (i-1,Gi, Gi+1))-
We denote by Ly S (Q U {#})3 x (Q u {#})? the set of local descriptions of (configurations of) M. If
(w, q) is a local restriction, we will often use the indices —1,0, 1 to access its elements, rather than
1,2,3. Hence, the sensible restrictions apply: # can only occupy the first position of w;, and at most
one element in g, can be different from #.

A.1 Proof of Proposition 4.2-(2)

In order to prove the results from Section 5 we need some insights from the proof of Proposition 4.2-
(2) given in [64]. This work is in the context of the domino problem. In this problem we are given a
finite set of square tiles T of the same size where each side of each tile is colored, together with an
initial tile to. Our task is to decide whether it is possible to tile the infinite upper-right quadrant of
the plane using the tiles from T (each tile can be use infinitely many times) in such a way that £ is
placed at the origin and any adjoining edges have the same color. Observe this problem can be
seen as a restriction of Hom(T', -) where we only consider instances T where each elementin T is a
tuple t = (ty, tp, tr, tr), corresponding to the edge colors of the tile ¢, the relation ElT consists of the
pairs (t,') such that tg = #}, and the relation E] consists of the pairs () such that t;; = t},. In
[64] this problem is shown to be undecidable, so by extension Hom(T, ) is undecidable as well.

The proof in [64] is a reduction from the Halting Problem. The idea is that any (non-deterministic)
Turing Machine M can be encoded into a finite set of tiles Ty, in such a way that a tiling of the
upper-right quadrant of the plane corresponds to a non-halting execution of M starting from an
empty tape. The intuition behind this encoding is that the i-th row of a tiling should represent a
configuration of M (i.e., tape contents, head position, and machine state) at the i-th time step. This
is fairly straightforward, but we sketch a construction that is slightly simpler from the one in [64],
since we do not need to consider only “domino” tiles.

Fix a Turing machine M = (Q, ), A). We a Xr-structure Ty as follows. We allow ourselves
to be slightly informal in the description of T)s and leave some small gaps. Elements from Ty,
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are tuples t = (wy, q,, by, c;) where (wy, g,) € Ly is a local description of M, b; € {0,1} is a bit that
equals 1 when t describes a local configuration to the right of M’s head, and c; € {0, 1} is a bit that
equals 1 when t is describes part of M’s initial configuration. Hence, g, = (#,# #), when b; = 1.
Similarly, when ¢; = 1, only blank symbols o and end-of-tape symbols # are allowed in w;, and
the head of M can only be at the beginning of the tape. The relation O™ contains only the initial
tile ((#,0,0), (#,90,#),0,1). Two elements (¢, ') belong to ElTM if they are two consecutive local
descriptions of some configuration of M. More explicitly, the last two elements of w; must equal
the first two elements of wy, the last two elements of g, must equal the first two elements of q,,, and
ct =cp. If q, = (q,#,#), for some g € Q, then q,, = (#,#,#) and by = 1. The relation E;FM consists of
the pairs (¢, t') that represent consistent local descriptions of two successive configurations of M.
We apply the natural rules: (1) ¢y = 0, (2) if g, = (#,#,#) then w; = wy, and q,, contains # in the
second position, and (3) if g, = (#, g, #) for some g € Q, then #’ describes the evolution of f according
to some transition in A.

Given our definition of T); and a homomorphism F : I' — Ty, it is easy to see that there is
an infinite run of M starting from an empty tape which is given by a sequence of configurations
(w1,4,), (w2,4,),... such that the element F(i, ) contains the j-th local description of (w1, q,).
Conversely, given an infinite run of M starting from an empty tape it is straight-forward to describe
a homomorphism F : I' — Tj;. This shows Proposition 4.2-(2).

A.2 Proof of Proposition 4.2-(3)

The same proof from [43] essentially shows our result. This work is also in the context of the domino
problem. Their main result states that there are sets of domino tiles that can tile the whole plane
starting with a fixed tile at the origin, but satisfying that any such tiling must be non-computable.
In our setting, we only need to tile the upper-right quadrant of the plane and we consider more
general sets of tiles, other than domino tiles, but the proof from [43] can be easily adapted. The
starting point is the result that there exists a Turing machine M that does not halt for some input
words, but all those input words are non-computable. This is shown in [43] for Turing machines on
a two-way infinite tape, rather than just a semi-infinite tape as in our setting, but it is known that
both models are equivalent. This can be seen, for example, by “folding” a two-way infinite tape
into a semi-infinite tape as in [44]. Then Proposition 4.2-(3) follows from considering a Xr-structure
Tnr derived from M as in Section A.1, modified suitably so that arbitrary input words are allowed
in the initial configuration.

A.3 Proof of Proposition 5.3

We build on the ideas from Section A.1 again. The idea is to build a Xy-structure Sy starting from
a Turing machine M in such a way that homomorphisms F : V,;, — Sy precisely encode accepting
runs of M which start from the empty input, take at most n-steps, and where the head of M is
placed left to the (n — i + 1)-th position at the i-th step. This way, V,, — Sps for any n € N, if and
only if V;,, — Sy for all but finitely many n € IN, if and only if V,, — Sjs for infinitely many n € IN,
if and only if M has a halting run starting from the empty word. Then Proposition 5.3 follows from
the fact that the problem of determining whether an input Turing machine accepts the empty word
is undecidable.
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To construct Sy; we start from the tile set T, described in Section A.1, and add an additional
element WM. The new relation W™ consists only of this element {ll}. We also add the pair (H, H)
to both ElsM, EgM. Given a tile t = (wy, g,, by, ct) € Ty, we add (¢, W) to EgM if g, = (#,#,#), or if the
only state showing in g, is the accepting state g... We also add (¢, ) to ElS M if the last position of g,
contains #. Let us give some intuition for this construction. When searching for a homomorphism
F: V, — Sm, we proceed as in Section A.1, by tiling the plane in a way that describes a run of M
on the empty word. Now, at any point we may chose to stop describing this run and start placing
M tiles instead, with the conditions that (1) B tiles must propagate right and up, and (2) B tiles
cannot replace local descriptions that contain the head of M, as long as M is not in the accepting
state. It is routine to check that Sy, has the desired properties described in the previous paragraphs.

A.4 Hardness Proofs

Before moving on to showing Proposition 4.2-(1) and Proposition 5.2-(1) we describe some TFNP;-
hard and TENP-hard families. Given a immortal Turing machine M = (Q, (), A), in the problem
R we are given a pair (x, 1) as an input, where x is an input word for M, and n € {1}* is a number
in unary representation, and the task is to output a run of length |n| of M on the input x. Here a run
is given as a sequence 1, . . ., 6, of transitions in A. Observe the problem Rj; belongs to TENP. We
also consider the “tally” version of the problem Ry;. Let M be a (non-deterministic) Turing machine
that has an infinite run on the empty input. In the problem R}, we are given a number n € {1}* in
unary representation, and the task is to output a run of M on the empty input of length |n|.

Lemma A.1. Let F be the the family consisting of the problems R for each immortal Turing machine M
on the binary alphabet {0,1, 0}. Then F is TENP-hard.

Proof. We can ignore the restriction to the alphabet {0, 1, o} by noting that larger alphabets can be
suitably encoded in binary by paying some small overhead [1]. Hence, it is enough to prove that the
larger family consisting of the problems Ry for each immortal Turing machine M is TENP-hard.

Let Ay be a problem in TENP, where 8 < U* x V*. Let p be a polynomial, and let N be a
polynomial-time Turing machine satisfying that for each x € U* there is some y € V* such that
(x,y) e Rand |y| < p(|x]), and N decides R. We build a immortal Turing machine M, informally
described as follows. The alphabet of M contains both U and V. The machine M loops forever on
input words x that are not in U*. Given an input x € U*, the machine M guesses a word y € V* of
length at most p(|x|) and then runs N on (x, y). If N rejects this pair, then M also rejects, and if N
accepts the pair, then M loops forever. Observe that M must be immortal. Let p’ be a polynomial
such that, given x € U*, it takes M at most p’(|x|) time steps to guess y, simulate N, and continue
its execution for one more step.

Now we claim that there is a polynomial-time many-one reduction from A to Rys. The first
part of this reduction sends the input x € U* to A to the input (x, n) to Ry, where n is a unary
representation of p’(|x|). Observe that a valid answer to (x, n) in Ry is a run of M on the input x
that lasts for p’(|x|) steps. During such a run, M must guess correctly a word y € V* satisfying
(x,y) € R. Indeed, otherwise, N would reject, leading to M halting prematurely. The second part
of the reduction extracts the word y from the description of the run. This completes the proof. [

Lemma A.2. Let F be the the family consisting of the problems R}, for each Turing machine M on the
binary alphabet {0,1, o} that has an infinite run on the empty input. Then F is TENP-hard.
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Proof. We ignore the restriction on the alphabet, as in the previous lemma. Let Ag; be a problem in
TENP;, where R < {1}* x V*. Let p be a polynomial satisfying that for any n € N there is some
y € V* satisfying (1",y) € R and |y| < p(n), and let N be polynomial-time deterministic Turing
machine deciding 3.

We construct a Turing machine M that has an infinite run on the empty input which satisfies
that Ag has a many-one polynomial-time reduction to R},. The machine M is informally described
as follows. On the empty input, M keeps track of an integer counter k, whose value starts at one.
Then, M guesses a word y € V* with |y| < p(k), and then runs N on the input (15, y). If N rejects,
then M rejects and halts. Otherwise, M increases the value of k by one and repeats the process
again. Let g be a polynomial such that it takes M at most p’(m) steps to set its counter k to the value
m+1.

We describe a suitable reduction from Ag to R},. The first part of the reduction takes an input
1" to Ag and constructs the input 17" to R},. A valid response to 17'(n) in R}, is arun of M on the
empty input that lasts for p’(n) steps. During such a run M must guess correctly a word y € V*
satisfying (1",y) € R (otherwise M would halt prematurely). The second part of the reduction
extracts the word y from the description of this run. O

A.4.1 Proof of Proposition 4.2-(1)

Let M be a Turing machine that has an infinite run on the empty word, and let T be the Xr-
structure constructed in Section A.1. We show that the problem R}, has a polynomial-time many-
one reduction to sPCSP(T, Tys). Observe that this reduction together with Lemma A.2 prove the
result.

The first part of the reduction takes an input 1" to R}, and produces an input I'; to sSPCSP(T, T ).
The structure T, is the substructure of I induced on [n] x [n], i.e., the n x n grid. A valid output to
I'y, in sPCSP(T, Tp) is a homomorphism F : I, — Ty. The horizontal lines F(i, j) for each i € [n]
describe successive configurations (truncated to the first n tape spaces) of M starting from the
empty input. Therefore the homomorphism F contains the description of a n-step run of M on the
empty input. The second part of the reduction simply extracts this run from F.

A.4.2 Proof of Proposition 5.2-(1)

This result can be shown similarly to Proposition 4.2-(1), with some work. Let M be an immortal
Turing machine. We begin by modifying the construction from Section A.1 to obtain a X+ -structure
T satisfying that any homomorphism F : TT — T, admits the following description. We view
the super-grid I'" as the positive quadrant of the 3-dimensional grid, where we call the dimensions
vertical, horizontal, and normal respectively. Each normal slice (i.e., each set consisting all tuples
(i,7,k) where k is fixed) is called a floor. Then the tiling F(i, j, k) of the k-th floor describes an infinite
run of M on the input given by the binary representation |i| of i. We adopt the convention that
binary representations start from the least-significant bit. Le., |6] = 011.

We construct T as follows. Let M = (Q, ), A) be a Turing machine on the binary alphabet
Q = {0,1,0}. Similarly to the Xr-structure constructed in Section A.1, the elements in T, are tuples
t = (wi, q,, by, cr,d er) € QP x Q3 x {0,1}*, where (w¢, q,) € Ly is a local description of M. The bit
b; keeps track of whether the tile t describes a local configuration to the right of M’s head, bit c;
keeps track of whether the tile ¢ is in the initial horizontal line of some floor (e.g., is in a position
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(i,j,k) with j = 1), and the bit d; keeps track of whether t is in the first floor (e.g., its position is
(i,7,k) with k = 1). Finally, the bit e; is a carry-over bit, used during addition operations described
below. The origin relation O™ is the singleton containing the tile

((#/ 1/ D)/ (#r qOI #)/ 0/ 1/ 1/ 0)

The vertical and horizontal relations ElT M EZT M are described analogously to the ones in Section A.1.
The main difference is that we force the tape described by the first horizontal line in the first floor
tobe (#,1,0,0,...) (ie, the input 1), rather than the blank tape. We also need to describe how ElT M
and EZT M interact with the carry-over bit ¢;. The vertical relation EZT M “forgets” about the carryover,
meaning that if (¢, 1) € EZTM, then ey = 0. However, the horizontal relation ElTM propagates the
carryover. This means that if (¢,') € EzTM, and e; = 0, then ey = 0. However if e; = 1 then we have
two options. If ey = 0 then the rightmost element of wy must be 1, or, otherwise, if ey = 1 then
the rightmost element of wy is 0. The doubling relations ElT M, JEZT M do not impose any constraint.
The normal relations E; M ]E3T M only constrain the tiles that lie in the first horizontal line of each
floor, i.e., those t € Ty; with ¢; = 1. The relation lE3T M ensures that if the tape contains a binary
representation |n] in the horizontal line (i, 1, 1), then the horizontal line at (2,1, 1) displays |2n].
This is achieved by by shifting right w; in each local description (w¢, 4,) and by adding a leading
0. In a similar way, the relation EgM ensures that if the horizontal line (7,1, 1) displays |n], then
(i+1,1,1) displays |n + 1|. This is requires addition to be performed on w; from left to right in
each local description (wy, g,) following the standard column addition algorithm, and using the
carry-over bit e; as needed. This way, we obtain a structure T satisfying the high-level description
given at the start of the section.

In order to complete the proof of Proposition 5.2-(1), we describe a reduction from Ry to
sPCSP(I'", Ty). Let (|n], 1) be an input to Ry, where | 1] corresponds to the binary representation
of n € N, and m € IN. Without loss of generality we may assume that m > n: if m < n we can act as
if m = n. The first map of our reduction constructs in polynomial time a structure I, ,, satisfying
I,,» — I, First, observe that there is a sequence #y, ..., #, of length ¢ € O(logn) consisting of
the operations +1 and x2 that yields n starting from 1. Such a sequence L can be obtained in
polynomial time from |n|. For each i € [¢ + 1] we define the number #n; inductively as follows. We
letny =1, and n; = n;_1#;_1 for i > 1, where we recall that #,_; € {+1, x2}. This way, ny,1 = n.
The universe I, ,, is defined as

{(i,j,m) i j e ml}_J{G,1,m) i e [m] ke [+1]}.

In other words, this includes the initial m x m quadrant in the n-th floor of N3, plus several
horizontal segments of length m that “climb” up to the n-th floor. The relations are defined so that
I, i is the substructure of I'" induced on I, ,. By construction I, ,, — I'". Now, for the second map
of our reduction we need a polynomial-time procedure that computes a m-step run of M starting
from the input |n| by accessing a homomorphism F : I, ,, — Tp. This is done in the intuitive
way: By construction, image of the horizontal line (i,1,7) through F must describe the initial
configuration of M on the input |1, and the image through F of the quadrant {(i,],n) |i,j € [m]}
must describe a m-step run of M starting from this input. Hence, by accessing F one can compute
the desired run in polynomial time. This completes the proof.
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B Characterizing Polymorphism Minions up to Isomorphism

We extend the ideas of [18, Section 6.2], where function minions corresponding to polymorphisms
are characterized. The main result there is that a function minion is a polymorphism minion if
and only if it has bounded finitized arity, as we described in Section 7. The following characterizes
abstract minions that are isomorphic to the polymorphism minion of some finite template.

Theorem B.1. Let .# be a minion. Then there exists a finite template (A, B) such that Pol(A, B) is
isomorphic to ./ if and only if A is locally finite and .4 is isomorphic to . ") for some h € N.

We need the following short auxiliary results.

Lemma B.2. Let .# and AN be minions, let h € N, and let F : . # I N bea partial minion isomorphism
defined up to arity h. Then .#") is isomorphic to "),

Proof. We define an isomorphism H : .#" — 4 Given a system & € .# ") (n), its image H(¢)
is the system defined by H(&)(rr) = F(&(r)) for all 7 € [k]!"]. Checking that this is a minion
homomorphism is routine, and its inverse is given by H=1(p)(7r) = F~'(p(7)) for all n € N all
pe A (n)andall 7  [h]™ O

As a corollary we obtain that the /i-closure of a h-closure is isomorphic to the original h-closure.
Corollary B.3. Let .# be a minion, let h € N and let ¥ = .#/"). Then, N is isomorphic to A" ).

Proof. By Proposition 7.4, .# and .#") = 4" are isomorphic up to arity &, so the statement follows
from last lemma. O

Now we proceed with our main proof.

Proof of Theorem B.1. We show both directions. Let (A, B) be an arbitrary finite template. Letr = |A|,
and let i € IN be at least as large as r and as large as the number of tuples in any relation of A.
We identify A with [r]. A consequence of the definition of polymorphism is that a function of the
form f : A" — B belongs to Pol(A, B) if and only if f™ € Pol(A, B) for every function 7 e [}]!"].
Define .## = Pol(A,B). Clearly, .# is locally finite. We show that .# is isomorphic to .# (n),
The isomorphism is the canonical map Cl, : .# — .#""). We already know that Cl is a minion
homomorphism, so all that is left is to show that it is bijective. An argument that is convenient
to remember is that, under the usual identification of tuples from [r]" with maps in [r]"], the
evaluation of a function f : [r]" — B on a tuple a € [r]" can be seen as the evaluation f*(id[,).

Cly, is injective. Let n € N, and let f, g € .#(n). Suppose that f # g. Then by the remark above,
it holds that f™ # ¢ for some 7t € [r]l"]. Composing 7t with the inclusion [r] < [1] we obtain
i’ € [h][") such that f™ # ¢™. Thus, by the definition of the canonical map, it holds that

Cli(f)(7) = f7 # g™ = Cly()(7),

meaning that Cl,(f) # Cl,(h).

Cly, is surjective. Let n € IN and let & € .# ") (n) be a system. The idea is that & is given by a
family of consistent h-ary polymorphisms in .#, so there is a n-ary function f; : [r]" — B whose
h-ary minors are given by fi* = (7). Constructing such fz would show that Clj is surjective:
Indeed, under this assumption all -ary minors of fz belong to .# forcing fz € .# as well. Finally,
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by definition, Cl,(fz) = ¢, so this shows that Cl, is surjective. We define the desired function
fe : [r]" — Bas follows. Fix two maps a : [r] — [h] and B : [i] — [r] such that foa = id},). Given
a tuple a € [r]", we define

fe(a) = S(aca)(B).

To parse this equality, recall that ¢ (« o a) is a h-ary polymorphism in .#, which can be evaluated at
a tuple in [r]". All that is left to show is that f& =¢&(m) forall 7t € [h] ("], Indeed, in this case, given

atuple a € [r] "] it holds that

fé(a) = fe(aom) = E(acaom)(B) = (§(m))**(B) = C(m)(Bowaca) = E(m)(a).

This proves that Clj, is a surjective homomorphism, and together with the fact that it is also injective,
completes the proof that it is an isomorphism.

We have shown that if ./ is the polymorphism minion of some finite template, then it is locally
finite and is isomorphic to .# ") for some i € IN. Now we prove the other direction. Let .#
be a locally finite minion, and suppose that it is isomorphic to .4 = .# ") for some h € N. An
observation is that the rank of .4 is at most h. Indeed, let n € IN and let ¢y, € 4 (n) be two
systems of i-ary minors. Suppose that & = &X' for all 7t € []"]. We also have that & (7r) = ¢T (idpy)
and analogously with &. This means that & (71) = &(7) for all 7 € [h]"] and & = &. Then, by
Corollary 7.6, it holds that .# (") is isomorphic to Pol(K}, F_y (K%)). Also, .# (") is isomorphic to
A = ™ by Corollary B.3, and .# ") is, by assumption, isomorphic to .. Putting together all
these isomorphisms we obtain that .# is isomorphic to Pol(K7, F 4 (K%)), completing the proof. [

An alternative, and perhaps better way to present the second part of this proof could have been
to show, using essentially the same reasoning as in the proof of Theorem 7.1, that given a minion
A and a number 1 € N, it holds in general that .# (") is isomorphic to Pol(K”, F_,(K")).
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